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Example — 3 : Prove that V(r") — nr"2 7 and hence show that Vz(r") =n(n +1) v~ by using

vector identities.
Solution : First show that again find
V x (r”?) =0
Here r=|17|=x2+y2+z2 =’ =x2+yz+z2
or or x Or_y o z
2r—=2x, or —=—, =", —=—
Ox ox r O r 0Oz r
0
Now v (") = (E—ij r"
(") =257 )()

_ Or o x .
:an"l—iZan’nl — |1
ox r
_ n=2_= _ - .
—Z"’” Xi =" ?3xi ="

Thus V(r”) =grad (r") = "%

—

V(r”) =" r

= n{Sr”z + (n - 2);’”74 is 7} V-7 =3

=n{3" 2 4 (n=2)" ) A =
=3 4 (n=2)" 2 =" {3+ (n-2)}
Thus v2(")=n(n+ 1)r™>
Again show that V x (7 )=0

Or, r'F=r"Sxi= z(r"x)i
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z nlar rnlar
ay

VA
n ly n—l z
S| et
i|nr yz nr'"” yz =0
=2 ]

Thus Vx( ) curl( )

Example—4: (i) If F=(ax7)r", show that
curl F=(n+2)r"d —nr"(@-F)F

(i) If F_ xF , show that
¥
. 2-n._ o
VxF= r”na+r’ﬁ2(a~r)r

Solution : (i) curl F = curl {r“(ﬁ x ?)} =Vr" x (@ xT)+1"V x (3 x )
= nr"F x (@ xF)+r"2 d(since V x (a x 7)) = 2d
=nr"?{r’a - (F-a)F + 2r"a} =(n+2)r"a—nr" (7 &)F

(i) F_a xT

r

.'.V><F:Vx(a:r):V(%)x(ﬁxf)—i-inVx(é’xf)

T r r

h e e 1 . N . . .1 24

=—nr nr2r><(a><r)+r—nza == Hﬁrza (F-9)F jﬂ+r_n
—na n(@-I)f 28 (2- )a B
= rn + I_n+2 +r_n: I' rn+2 (a I')I'

Example —5: If V = r, show that Vx V=0
v X - y A z

—= i+ j+
r \/)c2 +y2 +22 \/)c2 +y2 +z° \/)c2 +)/2+z2

Solution : Here 17 =7 = k

Curl V =

| Sg|o)->
< .\%)|Q)u.)
- | N E,)|Q)W‘>
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:_i. (—lz.zy_l_l%:zzj +j _lx'fz_l_li}.zx +12 _ly_fx_l_lx_?y
2 2 2r 2 r 2 r

Example —6 : Prove that V* (r" 7) =n(n+3) r?;
21 ..n 72>
Solution : V (” r ) involves Laplacian of a vector point function and hence we recall the identity

curl (curl 4 )= grad (div4) V2 A

" Vz(_Aj = grad (divz ) — curl (curl Z)

Now Vz[r” 7) = grad {dl'v (r" 7)} curl {curl (r” 7)}

But div (”n 7) =(n+3) " and curl (r” ;7’) -0
" Vz(r” 7) = grad {(n +3) r"}=(n +3) grad (")

n-2 >
7

Butgrad (™) =nr

—

Thus Vz(;ﬂ” 7) =(n+3)n r">F =n(n+3)r"*r

Example — 7 : Show that
(@) div[(Y Xa)Xb]=-2(a-b) (b) grad[y,a,b]=axb
(¢ curl(r xa)=-2a d div(y xa)=10

(¢) grad(a-r)=a,
Where a and b are a constant vector and r is the radius vector.

Solution : (a) div (T x a)xb)=div[(T -b)a—(a-b) T ]

=div [(Xb1 +yb, +2zbs)a— (a-b)(xi + y} + zlz)jﬂ
if r=xi+yj+zk,a=a,i+a,j+ak,b=bi+b,]+bsk

- a—ax[al(Xbl +yb, + Zb3)]l +%[az(xb1 +yb, + zb3)]] +%[a3(xbl +yb, + zb3)]]

ox 0Oy Oz
=a b +ab+ab,—(3a.b)=(ab)-3(ab)=2@a,b)

0 0
—(a'b)(—x+g+—zJ=z(a-b)
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©
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grad [r, a, b] =V [r-(axb)]

:V[x(axb)f +y(axb)s +z(axb), }

1—component J—component k—component

zi(axb)c +j(a><b)a +12(a><b)A

1—component J—component k—component

=(axDb)
s ~ |0
curl (r x a) =Zi ><6—6x(r><a)=2i X[@—:xa}

:fo(fxa) 22((13);_(;;)3) =a—-3a=-2a

div(rxa)=a-curlr—r-curla

ij ok
Nowcurlrza% % % =i(0-0)+j(0-0)+k(0-0) =0
X y oz

andcurla=0 (. ais a constant vector)
Sodiv(rxa)=0

grad (ar)=V(ax+taytaz)ifa= ali + azj + a312

and rzxiA+yj+zlz

~ 0 2
.. grad (a~r):21&(a]x+a2y+a3z) :Zl a, =a

Example — 8 : Evaluate the following :

(@)
(i)

div[(xysinz)f + ( y? sinx)}' + ( 7’ sinxy)lgjﬂ at the point (0,%, g)

Curl Curl of - (szz )tA —ygi+ (3xz3 )lg at (1,1,1)

Solution : (i) div[(xy sin z)zA + (y2 sin x)} + (z2 sin xy)lg]

= (fa—i + j% + lgéj . [(xysinz)f + (y2 sinx)j' + (22 sinxy)lg]l

0 . 0/ 5 . 0/, .
:&(Xysmz)+a—y(y s1nx)+g(z s1nxy) =ysinz+ 2y sinx +2 z sin xy

T T
09_9_
Atthept.( > 2)

~

div {(xy sinz)i + (y2 sin x)} + (22 sin xy)lz} = g +0+0= g
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(i) {)/ = (2xzz)f - yzj + (3xz3 )12

i ik

CurlV = o o g
x Oy Oz
2xz> —yz 3xz’

2] 0 3 B 3 0 2 L 2
= 1{a—y<3xz )——(—yz)}—J{—(b(z )—5(2)42 )}+k{—x(—yz)——<2xz )}
= ;{y} - 3{323 - 4xz} + 12{0} =yi+ (—323 - 4xz)j

P g
Curl Curl I_/) = 9 9 9
ox 0 16)
y 32+4xz 0

NN NN N 5
=i{—(0)——(-32’ +4 -— k{—(-37" +4xz) - —

1{8y() 82( z + XZ)} J{@X() 82( )}+ {8X< z + XZ) ay(y)}

= —1(=927 +4x) + J(0) + k(4z-1) = (92" — 4x)i + (42— )k

At(1, 1, 1) crul curl V =5i +3k .
Example -9 : If 7 = xi + yj + zk prove that
@i Div(r"F)=(n+3)r"

(ii) Find the value of n for which vector (i‘"f‘ ) is solenoidal vector.

F
Hence declare that — is solenoidal vector.
¥
Solution : Let F=r"F

(i) divF=V.F= 1i+Ji+k8 (")
ox "0y 0z

n

Now, 1" = (x2 + y2 + ZZ)E(XT + y} + le)

Ox oy Oz
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n n

:ai{(x2 +y° +zz)2x}+%{(x2 +y? +22)2y}+§{(x2 +y° +22)Zz}

X Z

= {(x2 + y2 Jrzz)g +§(x2 +y2 + 22)371 -2x2}+{(x2 + y2 Jrzz)g +§(X2 +y2 + 22)%71 -2y2}
+{(x2 +yt+ 2 )g +§(x2 +y 42’ )gfl ‘222}

n

=3(x2 +y° +22)2 +§(x2 +y° +22)gi1 ‘2(x2 +y° +22)

Y]

= 3(x2 +y2 +22)E +n(x2 +y2 +22)g =(3+n)(x2 +y2 +22) =(3+n)r"

div(r“f) =(n+3)"

(i) Given F =r"F is solenoidal .. div F=0
S (3+ n)(x2 +yi 4+ 22)5 =0
=>n+3=0o0orn=-3
e T .
Putn=-3is r"f we see that div (r 3r) =0 .- s solenoidal vector.
Example — 10 : A fluid motion is given by © = (ysinz - sinx)f + (xsinz + Zyz)f + (xycosz +y° )]2 s
the motion irrotational ? If so find the velocity potential.

Solution : 0= (ysinz—sin x)i +(xsinz +2yz)j + (xycos z+y? )l;

i Fi k

- 0 0 0

curl v= — — —
ox oy oz

ysinz—sinx xsinz+2yz )cycosz+y2
_? a 2 8 . e a . . 8 2
_1{a—y(xycos2+y )—g(xsmz+2yz)}+ ]{a (ysmz—smx)—a—x(xycosz+y )}

z

+k i(xsinz +2yz) - i(ysinz — sinx)
ox oy

=i{xcosz+2y—xcosz—2y}+]{ycosz—ycos z}+ﬁ{sinz—sin z}
=1-0+j-0+k-0=0

-~curl b=0 .. Motion is irrotational.

Let u be the velocity potential.
.. Motion is irrotational.

s v=gradu.
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:(ysinz—sinx)§+(Xsinz+2y2)3+(XYCOSZ+}’2)1€:aX. GyJ oz

ou . . . ou 2
S —=ysinz—sinx,— = xsinz +2yz anda— =XyCcoSzZ+Yy
z

du=""dx+—d
ox 0y

= (ysinzdx + x sin z dy + xy cos z dz) + (- sin x dx) + (2yz dy + y* dz)
= d[xy sin Z] + d(cosx) + d(yQZ) (by inspection)

=d [xy sinz + cos x + )*z]
Integrate, u = xy sin z + cos x + y’z + ¢ which is the required velocity potential.
-

Example — 11 : Show that F = (2xy’ +yz)i + (2x%y +xz + 2y7?) j + (2y°z + xy) k is a conservative force
field. Find its scalar potential

u u y +%dz =(ysinz —sinx)dx + (xsinz + 2yz)dy + (xycosz +y° )dz
z

Solution : 'We have to show that curl 1? = 6

i j k
Vxl?: i i i
Ox oy Oz

<2xy2 + yz) <2x2y +xz + 2yzz) (2yzz + xy)
=idyz+x—x—-4yz)—j(y—»)+k(dxy +z—4xy —z) =0
F is conservative.
Now we have to find ¢ such V¢ = F

ie, %H_Z_jjj +a—(lz)k = (2xy2 +yz)i+(2x2y+xz+2yzz)j+(2yzz+xy)k

0
:>5_jz =2x° +yz . == J(zxyz +yz)dx+f1(y,z)
Le, ¢=x) +xyz+f (v.2) (@

@:2x2y+xz+2yzz
oy

S0 :J(2x2y +xz+2yzz)dy+f2(x,z)

ie, ¢=x%"+xyz+yz’ +f (x,2) @)
= g—dZ) =2yz+xy o ¢= J(Zyzz + xy)dz + f3(x,p)

ie, o=y +xyz+f (x.y) 3)

Let us choose f,(1.2) = y°Z’, f(x, 2) =0, fi(x, y) = x°)*
Thus ¢ = x%y* + y*z*+ xyz is the required scalar potential.
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Example — 12 : Prove that

2
@ V@)=, 0O+2fF) @) V) =n @+ De
Solution : (i) V>f(r)=V-{Vf(r)} =div {grad f(r)}

~ 0 0 0 ~ 0 0
gradf(r)—(1—+Jg+k§jf(r) 1§f(r)+Jgf(r)+k8—f(r)
) e k(0 = () 2 20 R
=if (r)6 ir (r)6y+kf()8 (r){ p +J8y+k82}
=f'(r)grad r
sz(r):div[f'(r) grad r] gradrzg
:diV[f'(r)%} '.'iff:xf+yj+zlz,r:\lx2+y2+zz
) f’(r)ﬁ B §x+jy+f<z I
=d1V|: : r} gradr_—\/Xeryﬁ_r
which is of the type div (¢a)
where ¢ = f'r(r) anda=Tt
:mdivf+f-gadm
r r
Since div 7 =3
’ _ d !/
= fr( )3+r-{a[f7(r)}grad r} as proved above grad f'(r) = f'(r) grad r
3 ’ " _ ’ —- !
= fr(r)+?-{rf (r)rzf (ﬂ}% Replacef(r)byfr(r)

O oy L e 2

i) Va"=V.Vr"=divgrad ™
gr

grad r" =1'A£r" +]A'irn +l€£rn —iA-nr’Hﬂ+ ﬁnr”*lﬂ+l€nr”* —
ox Oy oz ox / Oy 0z
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=nr"" {1— + J—+ k } =nr""! T =nr"%F
r r ot r
Now V2" = diVﬂ:(nrnf2 )f;ﬂ which is of the type div (¢a)
= (nr“f2 )divf +T- grad(nr“fz) = (nr“*2 )3 +T-ngrad r™ 2
=3nr"? +nf-(n-2)r""* (- grad r" = nr"F change n ton—2
grad 1" = (n-2)r"*F)

=3nr"? +n(n-2)r" *(-F) =3nr"2 +n(n-2) e

=3nr?+nm2)r?=CGn+n’-2n)r’=mn+n’)r" *=nn+1)r?
Example — 13 :  Prove that curl (d)F) = (l)(A X 17) +ApxF .

N
Solution : Let p and 4 =a,i +a,j+ ask be respectively scalar and vector point functions of x, y, z.

A= (0a,)i+(bay)) +(bas )k

i i k
Now curl =Ax|¢ A 6 i i
8x oy Oz
ba, ¢a, ¢a;

{% (I)a3 (I)az)}
28] (422
[d’ o (d’ oz o j}

S = R P L A
Oy 0z

z j ok i j ok
66+6¢@@

¢6x5§§ay Oz

a, a, d4az| |4 dy dj

:d)(sz)—i-Ad)xz

Thus curl (d’ A) = ¢(CW1 A) +Apx A4
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Example—14: If F =grad (¢y +y's + 2x—x%) find div F and curl F at (1, 2, 3).
Solution : 1f F = grad (x’y +y’z + 2’x + x%2%)
0 (.3 3 3 2.2.2
=Xi—(x"y+yz+zx—x"yz
8x( yy Y )

=¥y +2-2x%2%) i + (X + 3y%z2—2x%7%) j + (' +3x2°— 2 2)k

. b d
Le, F=Fi+F,j+Fk (say)

5
V-F= 6xy—2yzz2 +6yz—2xzz2 -i—6xz—2x2y2

VoF ], =32

i j k
Ox Oy oz
3

(3x2y +z7 - 2xy222) (x3 +3y*z— 2yx222) (y3 +32%x - 2zx2y2)

= i[(3y2 - 4x2yz) - (3y2 - 4x2yz)Jl —jﬂ;(3z2 - 4xyzz) - (322 - 4xyzz)Jl
+kﬂ;(3x2 - 4xyzz) - (3x2 — 4xyz* );ﬂ =0
Thus div ;: =—32 and curl ;: =0.

Exercise — 3

l. A particle move along a curve whose parametric equations are : x = e, y = 2 cos 3t, z= 2 sin 3t
where t is the time. Find the velocity and acceleration at any time t and also their magnitudes at
t=0.

_ vt |7 dr| |dr

2. If “ 7’ is a unit vector. Prove that |"'X—~| = || .

dt| |dt

Find the directional derivative of 4xz* — 3x%y*z* at (2, —1, 2) along the z — axis.

4. Find the directional derivative of ¢ = xy?>+ yz* at the point (1, -2, —1) in the direction of the
normal to the surface x logz —y*=4 at (-1, 2, 1)

5. Find the value of the constants a and b such that the surfaces ax? — byz = (a + 2)x and 4x%y + z°
= 4 are orthogonal at the point (1, -1, 2)
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10.
11.

12.

13.

14.

What is the directional derivative of the function 2xy + z? at the point (1, —1, 3) in the direction

of the vector ; + 2}' +2k ?

If @ is a constant vector prove that v (a Vl} = _% + M
r

r r
For a solenoidal vector F, show that curl curl curl curl 7 — v*f .
Find Curl F, where F =V (x* +y> + 2 — 3xyz)

Show that, div curl curl (f a+ Vzdiv(f Ei)) =d.gard V' f

If a is a constant vector and r denotes the position vector of any point in space and if /= (a x r)

", show that divf=0and curl f=(n+2) r'a—nr=2(a -r)r.
Find the condition that the vector field

F = (xyz)® (x*1 + y4 + z%k) is both solenoidal and irrotational.

Find the value of the constant ‘a’ such that F = (axy —z) it (@-2)x5+ (1 —a)xz* kis

irrotational and hence find a scalar function ¢ such that F= \%)

. - -
Prove thatdiveurl F=V.VxF=0.

O & O3



