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Example -9 : f(x)= p=2L=1

11
Sol" : Let the fourier series of the periodic function f(x) of period of length in the interval ( > 2) be
given by
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b, = 2L/2 f(x) szn(2n7tx)dx = 2|:J1/2f(x) sm(2n7tx)dx + Of(x) sm(2n7tx)dx}
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Hence on putting the values of a, a , b_in (1), we obtain the required fourier series of the
given periodic function f{x) as

Example — 10: f(x) = wsin axif 0<x <1, x=2L =1
Sol" : Let the fourier series of the periodic function f{x) of period of length 1 in the interval (0,1) be

given by

i a Cos 2mtx +b Sm(Znnx)) ______ (1

n=1

. _2n 1
Then, @y = ZIO f(x)dx = 2_[0 TsinTx dx = T|cos Ttx|0
=—2[cosn—-1]=4

a, = ZJ-lf(x) cos(2nmx)dx = ZKJ-IC‘OS(ZI’HUC) sinTox dx
0 0
1
= njo {Sm(Zn + 1)mx — sin(2n — 1)7tx}dx

|c0s(2n - l)nx cos 2n + 1)7Lx|1

e avn |,
o] eyt ( I )+(_l)2n1{ L }
(2n-1) (2n-1) 2n+1 2n—-1 m—1 2n+1
g et Ml e B . i e
2n+1 2m-1 m+1 2n—1 2n+1 2n-1) 44%—1
a”:4n2—1
e e
1= 3% =gl gy

1
Again b, = 2-[0 £ (x) sin 2nmx) dx

1
= TEJ-OZ sin (2nmx) sin 7x dx
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= nJ-Ol{cos(Zn —)mx — cos(2n + l)nx}dx

|sin(2n - 1) sm 2n +1 |
=7
| (2n-1)m @n+l)m |
Hence on putting the values of a, a , bn in (1), we obtain the required fourier series of the given
function f{x) as

6.8: Even And Odd Functions
A function f(x) is said to be even if ' (—x) = f'(x). e.g. \

cos X sec X, x* are all even functions. (fig.6.8) Graphically

/\ X

an even function is symmetrical about y-axis. A function

/() is said to be odd if £ (%) = —f (v). e.g. sinx, tanx , Xy N wen
are odd functions. Graphically an odd function is symmetrial ]

about the origin (fig.6.9) o (Fig6.8

jf(x)dx _ 2_[f(x)dx, when f(x) even /‘\ /X

0
0, when [ (x) odd / \/ odd (Fig.6.9)
(0]

Expansions of even or odd functions :
We know that a periodic function f{x) defined in (-/, /) can be represented by Fourier series

nnx . nmx
fx) = % + Zan COST + an sin—
I ¢! 1! nmx
where a, = ;Jllf(x)dx,an = ?Lf(x) cosde

[
b = %J.lf(x)sinn—lxdx

Case — 1 : When f(x) is even function

1! 2!
a, =;L f(x)dx =—j0 £ (x)dx
since f{x) <o m;x)ls also even function a_ = _[ f(x) COS( ) jf (x) COS( )

nmx 1 . nmx
Again since f{x) S is odd function b_ =7Lf (x)sin| == =0
Hence, if a periodic functlon f(x) is even, it’s Fourier expansion contains only cosine terms

2 ¢l
a =%J.(jf(x)dx, a,= /¢ x)cos(%)dx
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Case — II When f(x) is an odd function
1 ¢
a,= ;L S(x)dx=0

since cos (%) is an even function there fore f{x) cos(ﬂj is an odd function
[

J. f(x)cos( )dx 0

Again sm( ; )15 an odd function that f{x) sm( ?x) is an even function

b= j f(x)sm( )dx = —J f(x)szn( )dx

Thus, if a periodic function f{x) is odd, its Fourier expansion contains only sine terms and
!
b, :%J.o f(x)sin(n—?x)dx

Illustrative Examples

Example — 1 : Show that for -n <x<r
2sinant( sinnx  2sin2x

P al 27 a2 +...
Sol": Clearly f(x) = sin ax is an odd function of x, a;=a = 0

sin ax =
T

1 n .
Let sin ax = an sin nx , where b = —J. f(x)sinnxdx
Y™

= 2 [Iogin ax.sin nXdXi| = %[J;Ecos(n —a)x—cos(n+a)x) dx}

T

n-—a n+a T n—a n+a

_L{[sin(n —a)x _sin(n+ a)x}n} l{sin(n—a)n 3 sin(n+a)n}
= =

1 | sinnm-cosam —cosnw sinanw  sinnw.cosarn + cosnw.sinan
T (n—a) n+a

l{sinan+sinan} sinan[n+a+n—a} (1) 2n.sinan

(n-a) n+a] ® n’ —a’ n(n* —a?)
2nsinam .
sin ax = Z( 1 == sinnx
n(n® —a%)

2sinam| sinx 2sin2x  3sin3x

_ + +...
b [lz—a2 22 -a? 3*-a’ }
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Example — 2 : Express f(x) = x as a Fourier series in the interval - t <x<m .
Sol" : Since f(-—x) =—x =—f(x)

.. f(x) is an odd function and hence f(x) = an sinnx
n=1
2 (m 2 pn
Where b = —J. f(x)sinnxdx =—J.xsinnxdx
toomrdo mJo
2 X(—cosnx)_(—sinnx) " _2cosm
on n n’ o n

2
Ch =2 =2 -2 -2
. bl— labz - 23b3 - 3,b4 - Aetc.

Hence the series is

x=2(sinx— 5 sin 2x +§ sin 3x —— sin4x +...)

Example — 3 : Obtain Fourier series for the equation f(x) = x sin x in the interval -t <x < 1.
Hence deduce that

T 1 1 1 1

— =4 +——
4 2 13 35 5.7
Sol" : The given function f(x) = x sin x is an even function of x in the interval — © < x < T;
consequently b = 0.

Hence the Fourier expansion of given function (x sin x) would contain only cosine terms i.e.

fix) =xsinx=a,+ Zan COSNX ........ )
n=1
2

1 ¢n n
where a, = ;L{ f(x)dx = ;J.Of(x)dx

and a, =1J.n f(x)cos nxdx=2'|.nf(x)cosnxdx
Y- TY0

Since f(x) = x sin x; therefore

2 rm . 1 T . T
a, =;J.0xs1nxdx = ;[{—xcosx}o +{smx}0]l =1 . )

2
and a, =—fox sinx cosnx dx
i

a, = %Uo x{sin(n+1)x — sin(n - 1)x}dx}

1 cos(n+1)x * sin(n+1)x . 1 cos(n—1)x sin(n—1)x T
s s e
o n+lp | ® (n=1) (n=17""J, ],

[osin(n+1)7=0&sin(n —1)7= 0]
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n+1 n—1

T n+1 n-1 -

1| mcos(n+1)m  mcos(n—1)= COSNT  COSNT 2cosnm
=—[— + =(-1) =TT e 3)

(For n #1 and n being an integer)
Ifn=1, then

2 . |
a=a, = —stmxcosxdx = —_[xsm2x dx
n 1 T 0 T 0

1 {—x cos2x}n +{sin2x}n _ 1
::ﬂ 2 0 4 0 - o BRI (4)

Substituting these values of a; and a_ in equation (1); we get

= =3 + + 3 a,Ccosnx — 1 cosx+ | 2eos cosnx
i a,Ta X Z 1 Z
Jf{x) =xsinx=a +a, cos n 5 (0’ —1

n=2 n=2

1 2 2
=1— —cosx——cos2x+—c0s3x—icos4x+
2 1.3 2.

+ ...
4 1.3 24 35 7T
This is required series

COSX CO0S2X co0S3X cos4x
=1-2 &)

T
Substituting x = 5 in (5); we get

n -t 11
or 5 =1-2 3735 57
Dividing 2 on both sides, we get

n 1 1 1 1
or =ttt

4 2 13 35 57
Example — 4 : Find a Fourier series to represent x> in the interval (—/, /)
Sol" : Since f(x) = x? is an even function is (-/, /)

() = %+Z_;an

COSTX

[

i
2¢ 5, 2|x| 2P
Then a, = 7J0X dx—{?} =
4 2 nmx
a = jox COS(T)dX

2| ,(sinnmx/! —cosnmx// —sinnnx /1]
= —|x —2X] 5 |2 33
) nn// n'n /1 n'n/l 0
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4P (- .
= nz—nz [ cosnmt=(-1) }l

41° 2 2
LA 2 a3 :4%2752’ a3 =-4 32 2

T
substituting these values

3 7\ P 2 3 4?
which is the required Fourier series

2 412(cosnx/l cos2nx/! cos3mx/! cos4nx/l )
= ——— + +ue

1 n(-1)"
Example — 5 : Prove that in the interval — 1 <x < 1, X cos x = - sinx + ZZ

_ 7 sinnx
n= 2
Proof : Clearly f{x) = x cos x is an odd, functionie.a,=a =0
1
b= —J X CcosX.sinnx dx = —I X| sin (n+1)x+sm(n—1)x]]dx
Y™

1

1) J cos(n+Dx cos(n-Dx| | sin(n+D)x sin(n-D)x i
=2 (e n—1 M+’ (-1 ]

1 _cos(n+)n  cos(n—1n 11 2n .
:n[n{ Y oy H,(nil),:{ }— ,ifn is odd

n+l n-1) n’-
1 N 1 | 2n
but b = (m+1) (-] n’—1 if nis even
Ifn=1,

= —J.XCOSX sin xdx = —J.xsm2xdx

1 —Cco0s2x —sin2x -1
- —|x -1 =—
e 2 4 0 2

4sin2x 3 6sin2x
22 -1 3-1

1.
X COS X =— —SInx+

smx+ 22

n=2 Il
Example — 6 :Fora functton f(x) defined by f(x) =| x |, —w <x < &, obtain Fourier series,
1 n?

52
Since | x | is an even function, of x, b = 0.

|
2 (n 2 prn 2 2" _' ~ _' 1 L
a=_J \X\dX=—J xdx=2{2 | =x 3n-2x —m |0 T 2rx 3m
0 mJo Y0 nl 2 .

sinnx

1
Deduce that — +—_+
3
Sol":

2 (m 2 m
a :—J |x|c0snxdx=—'[xcosnxdx
n

T Y0

o Fig. 6.10
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2| sinnx —cosnx\|  2[ cosnm 1 2 N
= —|:X. —1( 5 ):| = —|: 5 ——2i|=—2[(—1) —1]
0 n n

T n n T n

-4 ...
=0, if nis even. = —,if nisodd
mn

cos3x  cosSx
5—2 ..
If we substitute x = 0, in the above result, we get (fig.6.10)

n_4 COSX+
x| = 2

+
3 57 8
-k -n<x<0
Example — 7: Find the Fourier series of the periodic function f (x) , f(x)= { K O<x<n

and f (x + 2n) = f(x). Sketch the graph of f (x) and the two partial sums. Deduce

_1 n+l1
that z

Sol": f(x) = 3—20 + i:(an cosnx+ b, sinnx)
1 ¢ 1 0 T 1 -
a,= ;Inf(x)dng[jn(_k)dx+_[)k dx} = ;[_k[x]?n + k[x]o]l
1 1
= ;{—kn#—kn}—;xo_o

b 0 n
a, :l J.f(x)cosnxdx=l[J‘—kcosnxdx+ J.kcosnxdx}
- T

{( k)[smnx}0 +k[sir;nx}n} o

b, =l J-f(x)sinnxdx
TE*TC

LT oo n 0 for 'n' even
b = ;[Jn(—k) sinnxdx+J1)ksinnxdx} = _(1 cosnm) =1 4k for 'n' odd
mn
The function is continuous at all points of [-r, 7] except £ .
o = ﬁ{sinx N sin3x N sin5x +}
” [ 1 3 5
Which holds at all pionts with exception of discontinuities * 7 .
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At x = £ 7 the sum of the series (fig. 6.11)
1 1
='E{JTW—)+JT—W+9}=§(1—1)=0

Atx= % , a point of continuity

4k{ 1 1 }
= —3l——+——..
T 3 5

) _1 n+l
k=1, 3 n)_ =

Example — 8 : A function is defined as follows

)=

= 1
Deduce that

Sol":  f{x) = 32—0 + Z:(an cos nx + b, sinnx)
n=1

, for 'n' even

_—42, for 'n' odd
nn

1
b=—
T

We, thus, obtain the series

0

—T

n=1 (2n - 1)2

0 T
U —X COSNnx + J-xcosnxdx}
0

0 T
“ —xsinnxdx + stin nxdx

T 4|1 1
Show that f(x) = 2 —cosx+3—cos 3x+...

T
x sinnx dx

}:o

2 2
J-Ox cosnxdx = F(cos nm—1)

21 3m

Y
: — I
! 1 1 1 1 |
EEEREHEI RN
1 1 L L 1
-Y
Fig. 6.11
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o) = E_i[cosx N cos3x N cosSx+ }
V=Tl e T S

Thus the series converges at all points and its sum is equal to the given function.
Sum of the series at 27, is the same as at 0.

41 1.1
I R

i I &

n=1 (2 n— 1)2 8

6.9 : Extension of a function
Somtimes a function is defined on [0, a] or [—a,0] where a> 0, and we are required to re define it
on [—a, a] such that it is either an even function or an odd function and coincides with f{x) on [0,
a]. This re defined function is called the extension of the given function. If the redefined function
is even, then it is called the even extension of the given function and it is an odd extension if it is
odd. The following procedure is adopted to find an even or an odd extension.

Even Extension :
Let f{ix) be defined on [0, a].Then the even extension of f{x) on [—a, a] is given by

f(x),0<x<a
9() :{f(x),—a <x<a
Odd Extension :
Let fix) be defined on [0, a].Then the odd extension of f{x) on [—a, a] is given by
f(x),0<x<a
ox) = {— fx)-a<x<0
Following examples illustrate this procedure
Tllustration — 1 : Let the function f(x) =x* + x be defined on the interval [0, 1]. Find the odd and even
extensions of f(x) in the interval [-1,1]

Sol" : Even Extension
Let ¢(x) be the even extension of f{x) on [-1,1]

f(x) 0<x<1 24x, 0<x<l1
Then ¢(x):{f(—(z)) —1sxx<0:{x2 i

x"—x, —1<x<0
Odd Extension :
Let g(x) be the odd extension of f{x) on [-1,1]

Sf(x) 0<x<1 24x, 0<x<l
Then (I)(X):{_f((_);)) —lzx<0:{ x2+x )

—x“—x, -1<x<0
Hllustration — 2 : Let f(x) = sinx — cos x be defined on [ 0, n]. Find the even and odd extension of
J(x) on |- 7 o]

Sol" : Let ¢(x) be the even extension of f{x) on [- 7, 7]
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d)(x):{_ f(x) 0<x<m { sinx—cosx, 0<x<m

S(=x) —n<x<0 sin(—x)—cos(—x), —t<x<0

sinx—cosx, O0<x<m

-0~

Odd Extension :
Let g(x) be the odd extension of f{x) on [-7,7]
Then g(x): f(x) 0<x<m _ 'sinx—cosx, 0<x<m
—f(=x) —mt<x<0 —[sm(—x) - cos(—x)]l -n<x<0

sinx—cosx, 0<x<m
“ g(x)=

Half-Range Fourier Series :
Somtimes a function f{x) defined on the interval [0, ] satisfies Dirchlet’s conditions and we
require to expand it as a series of (i) Sines on.y. (ii) cosines only. If we want to expand f{x) over
the interval [0, ] as a series of sines only, then we extend f{x) over the interval [, | such that
it becomes an odd fucntion on [-7t,mt]. In case f{x) is to be expanded over [0,7] as a series of
cosines only, then f{x) is extended over [-T,mt| as an even function.

The Sine Series :
To obtain a series consisting of only sine terms in the interval [0, 7], we define a second function
O(x) on [-m,m] such that

B f(x) for0<x<m
¢(x)_{—f(—x) for—n<x<0

This function ¢(x) is an odd function of x on the interval [-mt,nt]. Therefore its fourier series

—sinx—cosx -n<x<0

sinx+cosx -n<x<0

consists of sine terms only and is given by an sin(nx)

n=1

2 ¢
Where b, = ;J.Od)(x) sin (nx) dx

= %J:f(x) sin(nx)dx| - §(x) = £ (x) for 0< x <

The sum of the fourier series is equal to

1 1
= 5[ Lim ¢(x) + lim d)(x)} = 5[ lim f(x)+ lim f(x)}
at every point ‘a’ between 0 and 7.
At x = 0 or i, the sum of the series is zero.

The cosines series :

To obtain a series consisting of only cosine terms in the interval [0,7], we define a new function
d(x) on the interval [—m,t]such that

B f(x)  forO<x<m
d)(x)_{f(—x) for—m<x<0



6.54 Applied Engineering Mathematics — II

This new function ¢(x) is an even function of x on the interval [-r,rt]. Therefore its fourier series
consists of cosine terms only and is given by

o0
a
7+Zan €OS nx

n=1

where @ = %Jofj)(x)dx = %ﬁ}(x)dx[ o(x) = f(x) for 0< x <]

2 (n 2 (*
== dx = _J d
4 =— Jod)(x) cosnedy =— 0f(x)cosnx X
The sum of the series is equal to

%[ lim d)(x) + Zim+ d)(x)} = %[ lim f(x) + Zim+ f(x)}
at every point ‘a’ between 0 and 7.

At x = 0, the sum of the fourier series is XZ’OQ f (x) and at x = w, the sum is XZ’ZT’, f (x) .

Half Range Series

Some times it is required to represent a function f (x) by a Fourier series in the interval (0, )
and not in the full interval (—mr, 7). Since f (x) is not defined in the interval (—m, 0). We can choose
S (=x) =f(x) in the interval (-m, 0). In that case f'(x) behaves as an even function for which b = 0.

a
Hence the half-range cosine series is f'(x) = 70 + zan Ccos nx

2 (" 2 ¢n
We have a, = ;_[Of(x)dx ,a = ;J.Of(x) cosnxdx

If we choose f(—x) = —f (x) and the interval (— =, 0), then f (x) behaves as an odd function for
which a=a = 0.

Hence the half range sine series is given by f(x) =an sinnx

Whereb = gJ.j;‘(x) sinnxdx = 2J?‘(x) sinnxdx
toomJdo o

Similarly, the half range cosine series (0, /) is given by

f(x) ifo<x<i
F(x):{—f(x) if —1<x<0

£ =2+ Taco )

a,= %j(jf(x) dx,a, =%J.Olf(x)cos($) dx

and half-range sine series in the interval (0, /) is given by
=Np sin|
f(x)=) nsm( l )

2l .
Where b, = YJ.Of(x)Sln(%)dx
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Illustrative Examples

Example — 1. Show that a constant ‘C’ can be expanded in a infinite sine series
4c { . sin3x sin5x
— 8t
3

” +°°°°}in the range 0 <x < r.

Sol" : Let C= ) b, sinnx

n 2C
b= EJ. Csinnxdx =—[
noJo T

T
—cosnx} 2c

n
0, for 'n' even

4c

—, for 'n' odd

nmn

The function is continuous at all points [— 7T, ] except * 7.

4c Sinx 4 sin3x N sin5x N
s ) = . 3 5 T
Example — 2 : Obtain cosine and sine series for f{x) = x in the interval 0 < x < n . Hence show

that 1 + 1 +—+
at S+ + 5 ten=—
12 3> 52 8

Sol" : The sine series. The function may be expanded as an odd function f (x) =X, in— Tt <x <7,
periodic with period 2.
soa =0forn=0,1,2,3 ...

. _ 2(-1 n 2(—1 n+l
b =£stinmdx:£[ ncosnn}: (1) - (=)
n mtJo

T n n n

g,forn odd
n

2
—— forn even
n

© (] n+l .
Hence for all points between 0 and ©t, x = 2ZM

n=1 n

sinx 3 sin2x N sin3x N
x=2 " 5 3 T

Y
Put x=—, we get

23
T, sin(m/2) _sinm sin(3m/2) .

2 1 2 3
222[1_14_1_..} .-‘l_l_;,_l_...:E
2 35 35 4"
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According to half range series the sum of the series must be at x = 0, © and this fact can be
verified directly as well. The representation holds at x = 0, but not at x = m.
(ii) The cosine series :
The function may be extended as an even periodic function , i.e. f{x) = x, in [— 7, ] with
period 2.
oob =0,forn=1,2,3 ..

2 prm
anda, = ;J;)de: i

2
a =—
LI

0 Tl n n n’

[ commas 2 coum_L] _2[er -]
s

0, forn,even
= —y 5, forn,odd

nn
Hence for all points between 0 & .

mT  4|cosx cos3x cos5x
——— + + +....
2 =m| P 3 5

The function being continuous, the relation holds for all x.

According to half range series must be /(0 +) =0, at x = 0 and f () = 7, at x = © which can
be found directly from the above relation

Atx=0, or &, we get

X =

1+ € + i+ =L
gttt 2
Example — 3 : Find the half-range cosine series for the function f (x) = x’ in the range
1 1
0 <x < rand hence find the sum of the series 1 57 +? —7+"'

Sol": Since f(x) = x*, is an even function b = 0,

a
Let x* = ?0 + Zan cosnx, Then

T

2% 5 2| x? 2n?
R e

0

2% , 2| 2mcosnm 4 2
=—| x“cosnxdx=—| —— |=— (-1
4 nJ-O n[ n’ } nz( )

2 n—2+4§:(_1)n cosnx
S X0 = 3 s Il2

cos2xX cos3x cos4x

2
= 7T——4[cosx— + — +onn.
3
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Put x = 0 in the above result

2
n 1 1 1 1
O=—-A4|———+———+"
3 [12 27 37 42 }

1 1 1

=t ==+ =—
22 P 4 12
Example — 4 : Find half range cosine series for the function f (x) = (x — 1)? in the interval
0<x<lI.

Sol" : The graph of f{x) = (x — 1)? in 0 <x < 1, is symmetrical about y - axis and therefore represents
an even function in ( — 1, 1) will contain only cosine terms given by

a o0
f(x)= 7°+ Zan cosnmx
n=1

When a, =2 _[Olf(x)dx = 2'[01 (x—1)%dx

) Uol(x2 ; 1—2x)dx} =2H’ﬂl +[x]! —{xz];] ) |:%+]_1:|=%

0

a =2 J;f(x) cosnmxdx =2 |:J:(X— 1) cosnnxdx}

1
5 SINNTTX —cosnmx —sinn7wx 4cosnnt  4(-1)"
:2{|:(x—1) —2(x—1)( 22 j+2( T3 ﬂ - =
0

nmw nm nznz nznz
Hence the desired required series will be f{x) over the half range (0, 1) is

1 4 <SED"
X)=—+—7F cosn
fx=7 RZ > mx

Example — 5 : Obtain the half range sine series for e*in 0 <x <1.
Sol": Let e* = z b, sinnnx, since /=1,

1
Now b =2 I e” sinnmx
0

. 1 .
<[ —cosnmx «[ —sinnmx L[ —sinnmx
=29|¢ e vt | Bl A el L
nw nmw o 0 n'rw

«[ —cosnm o cosO 2 . 2 N 1
= - = —[-e(-D"+1]-——
_2[6 ( )+e } > 2,[06 sinnxdx — nn[ e(-1) ] 7 (b)

nw nw nrm

2nm [1-(-D"e]

LI o |

2 2

1 2(1- 1
Hence e* =27{ e Sinﬂ:x+¥sin2nx+wsin 37:x+..}
- +1 4n” +1 On” +1
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X, O<x<m/2

Example — 6 : If f (x) = {n—x, n/2<x<T

4| . 1 . 1 .
Show that (i) f (x) = - sinx —?sm 3x+?sm ). SR

2|1 1 1
(i) f(X)=§—;[1—2cos2x+?cos 6x+?cos 10x+........ }

Sol" : For half range sine series

let f(x) = an sin nx

2 m .
Whereb = —J.f(x)smnxdx
n TE 0

2 [ om/2 . m .
=— j xsmnx+J (m —x)sinnxdx
| Jo /2
r . /2 . b3
2 —cos nx —sinnx 2 —cosnx —sinnx
= —|x- - > +—|(m—Xx) —-(-D >
| n n 0 T n n o
[ nm T sin nr
sin — — —
nn 2 2 2
=—|-7—cos—+——= |+ —|0+=cos—+—
T n n n n

2[ 2 nn} 4 nmw

= — —zsin— = 2sin—
T|n nn 2
Clearly b, = 0, when n is even
TN T
! .3t 2 9%

(i1)  For half range cosine series,
let f(x) = % + Zan cosnx
2 rn
Where a, = ;J.of (x)dx

2 /2 T T
;[J; xdx + L/z (m— x)dx} =5

Similarly it can be show that

a = EJ.Z‘(x) cosnx dx
n TE 0
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/2 b 2
= 2“ xcosnxdx + J (m—x) cosnxdx} = —2(2 oS _ cosnm — 1)
0 /2 2

T n 7n
N | /\ y

1 \ 1 1 ,

—11/2 ! n » ! ! /

-\ | /2 N T -n/2 |0n2 =

() (b)
(f (%) is an odd function) (f(x) is an even function)
Fig. 6.12 Fig. 6.13

2
(i) Ifn=4k,thena = FP cos2km — cosdkm — 1]]

= a~7a=a,= ... =0
(i) Ifn=4k+ 1, or 4k + 3, then again it can be seen that a_= 0
=  a,3,a,a8 ... =0

12732 77 79

(iii) Ifn=4k+2

thena = %[2 cos(2k + 1)m — cos(4k +2)m — 1]
" mn

2 2 2

_ 2 [2cosm—cos2n—1] = ————(-2-1-1)=——
o L 2eosmeos2r=l] = 2o T T
2 2 2

L

Wherek=0, 1, 2.........

Thus the half range cosine series will be

T 2 x4 508 6x coslOx

f(x)= 5—;|:COS X+ 5 + Y +.nes }

Below in the first diagrams all have extended the given function f'(x) in the interval (0, 7t) as
an odd function in the interval (— «, 7). In the second figure the same function f (x) in (0, m) has
been entereded as an even function in (-7, 7).

Example — 7 : Obtain a half range consine series for
kx  0<x<l/2
f(x)_{k(l—x) 12<x<I

1
Deduce the sum of the series I + ? + ? teeeee
Sol" : Since the interval is (0, /), we can expand f (x) either as a cosine or a sine series
For a cosine seires let
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- _,[f( X)dx = [Jkadx+‘[%k(l—x)dx} =%
an=7_[0f(x)cos$dx

) /
=g Jékx-cosﬂdx+‘[ k(l—x)cosﬂdx
[]Jo / A /

i
) ! sinnmx I? nmx
+— —X)— —(=1)——cos——
i (@ ) i ( )nZnZ 1)l

0 P

21 2k/*  nam kI2 kP2 2kl nn
= 7 —COS— ——F——F———=CoSnN7’T = ——— 20057—1—COSHTE

2
= 2 kx.isin nnx + k. ! cos nnx
[ nmn / n°m /

n’n? 2 n’n? n’r? n’n?
2kl b 2kl
Ifn=1,a = ?(20055—1—00575) = ?(0—1+1)=0
Simillalrly it can be seen that a,=a=a,=a =a,=....... 0
2kl 2kl —8k/
Againa = ?[2cosn—1—cos2n] = 2 —(-4)= 22 >
o -8kl -8kl
Simillarly, a = P a =100 and soon
f(x )———S—kl( cos—znx+icos6i+LcoslonX+ j
n? \ 22 I 6 [ 10° I
Putx =/
k k 1 1 1
:—I—S—jx—z[cos2n+ cos 6m +—cos 10m+... j
4 n 3? 5

1,3 yr .1,
4 7t 4\ 3 57T

x if0<x<l

Example — 8 : Expand f(x) = { 2ox ifl<x<2 in a sine series.

Sol" : The sine series for f{x) in (0, /) is given by

- [ nmx l
x)= zb,, SZH(TJ whereb, = %Jf(x) sin(%) dx .
n=1 0
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2
2x nmx 4 ()] (2-x) nmx 4  (nn
=|| —— |cos| — |+ | ——= |sin| — + - 2cos —— 5 sin| —
nw 2 n’n? 2 0 nw 2 nom 2 X
- nm 4 . (nn —4sinnm -2 nm 4  (nm
—cCos| — +ﬁSll’l — + — 5 |~ —cCos| — +ﬁSll’l —
nm 2 nm 2 nm nm 2 nm 2

g 0 if niseven
- il 2 = ) o \(-D)/2
n’n? szn( 2 8( 12 —1f nisodd
n°m
== ((2n—l)nxj
S flx)=) - sin
) ;{(2;1—1)%2] 2

8 [1 (nx) 1 (m) 1 (Snx)
=— —2Sll’l — ——2Sll’l _— +—2Sli’l —_— .
|1 2) 3 2 5 2

Example — 9 : Find a Fourier sine series for f(x)=ax+bin 0 <x</.
/
ol b, =2 j (%) (TM) dx

1

_ % [(ax+p) sm(@) dx

0
i
—(ax + b)lcos(m;x) al? sin(m;x)
+
nmw n’n?

Nl[\)

L 0

g_—l(al+b)c0smt +ﬂ} _ 2[b—(al+b)(_1)"]
[ .

nm nm / n

.. This sine series for f(x) = ax + b in 0 < x </ is given by

) )

T ) n
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Example — 10 : Expand f (x) = cosx; 0 < x < & in half range sine series
Sol" : The Fourier sine series of f(x) in 0 <x < is

0
= an sinnx where

n=1
n

—Jf sinnxdx = Jcosx sinnx dx
o

.2 “
£|:sm x} ~0
T 2

TC
2 )
Hence b, = —J-cosx sinxdx =
0

0
Ifn>1,

b, = lj.[sm(n + 1)x + sin(n — l)xiﬂdx

3 [ cos(n+l)x cos(n—l)x i
_TE_ n+1 n—1 0
_1 [_cos(n+nn)_cos(n—nn)j+( 1 N 1 ﬂ
T n+1 n—1 n+l n-1
[cosnm  cosnm 2n } 1[2ncosnn+2n}_2” (_1)n+1
nl n+l  n-1 n*-1] = n’ -1 m| n" -1
0, if nisodd
Thus b, = 4—” if niseven
n(nz—l)
2”24(2;1 sin(2nm)
2 w1

4| 2sin2x 4sindx 6sinbx 8 [sin2x 2sindx  3sinbx }
+ + NP - — + 4.
221 4°-1  6*-1 nl 3 15 35-1

Exercise — 6.1
Derive the expression for Fourier series co-efficients a, a , b

Expand f (x) = x* for 0 < x < 27 in a Fourier series.
Find a Fourier series to represent x — x? from x = — 1t to x = 7, and hence deduce

3. (a)
i_i_ki_i_i_ —TE_
P22 e g 12

Obtain the Fourier series is represent € from — 1 <x <T

(b)
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4.

10.

A saw tooth wave is given by f'(x) =x, -t <x <T.

n+l

0 _1 )
Show that f'(x) = 2 Z%sm nw
n=1

Prove that in the range — m <x <.

2a% . 1 & (-D"
cos hax = ——sinhan >+ Z S— 5 COS nX
b 2a® “=n"+a

6.63

Find a series of sine and cosine of multiple of x which will represent /' (x) in the interval —n

0,—mt<x<0

<x <m.Wheref(x) = HT:’O<X<TE

and hence deduce that

ﬁ=P+i+i+}
8 3?5

Find a Fourier series in the expansion of f (x) =X cosx, T <X <T.
Find the Fourier series of the following functions

. s T i T T

Lﬁ—5<x<5 &ﬁ—5<x<5
@ fo=1 2 7 O T ax

-Lif —<x<— 0,if —<x<—

2 2

L

5+x,1f—7t<x<0 0,if —-2<x<0
© feo=142% @ f<")={1-fo 2

5—x,if0<x<n RREEs

A triangular wave is represented by

x,0<x<m
f)= -X,—t<x<0
Represent f (x) as Fourier series
Obtain Fourier series for the function f'(x) given by

1+§,—TCSXSO
_ b
f(x)_ 2X

1-—, 0<x<1
e

and hence deduce that
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11.  Find Fourier series for f'(x) in the interval (— «t, ) where

n+Xx,for-nm<x<0
fo= n—x,for0<x<mn

12.  Show that if f'(x) is an even function i.e. f(—x) =f(x) ; then its real Fourier series expansion
contains no sine terms.

13.  Show that if f(x) is an odd function i.e. ' (—x) =—f'(x); then it’s real Fourier series expansion
contains no cosine term and no constant term.

0,for-/<x<0
M =7 1 foro<x <1

Find Fourier series for the range —/ <x </

nx,0<x<1
5. Hf=1r02-x), 1<x<2

Show that in the interval (0, 2)

m 4| cosmx cos3mx cosSnx+ }

f(x)=5__|: 12 + 32 + 52

T

16.  Find a Fourier series for f(t) =1 —t> when 1<t < 1.
17.  Obtain the Fourier series f(x) =nx, in 0 < x <2.
18.  Prove that in the interval - x < x <m.

1 . = n(-D"
X COS X = ——smx+22 n(z )
2 n=2 n -

sinnx

19.  Represent the following functions f (x) by a half range Fourier sine series :
» f=10<x<D])
(1) f(x)=e(0< x<1)

20.  Represent the following functions f (x) by a half range Fourier cosine series
X
1 fx)= X—7(0< x <)

(i) f(x)=sin %(0<x<1)
(i) f(9)=x (%) (0 < x< )
l—x, if0<x<l
2

21.  Expandf(x) = 4 31
x——,if—<x<1
4 2

as the Fourier series of sine terms.
22.  Obtain the half range sine series for the function f(t)=t—t2, 0 <t < 1.



Fourier Series 6.65

Answers

1 pm b 1 ¢m .
1. a- —j f(x)dx,a, =j £(x)cosnxdx _ —j £(x)sinnxdx
-1 -n nogd-n
4t ( 4 4n . )
2. — —5 €OsnxX — ——sinnx
3 —\n 4
3 _n_3+4[cosx B cos2x N cos3x B cos4x N
. (a) 3 B e 3 PERNAR

+2

sinx sin2x sin3x sin4x
- + - +....
1 2 3 4

. -1 -1)"
(b) 2asmha7t[212 +z (2 ) 2cosnx+z i )2 Sinnx]

2
T a a +n a +n

1. —  2n(-1)" .
— ——sinXx+ » ———————sinnx
7. X COS X > ;(n—l)(n+1)

4 1 1
8. (a) . COSX 3 cos3x+ 3 COS5X—.....

2 1 2 1 2
(b) —sinx+—sin2x—-—sin3x——sin4x +-—sin5x....
T 2 o 4 25

4 1 1
(c) . cosx+3—2cos3x +5—2c055x+....

1 2(. mx 1. 3mx 1. 5mx
(d) Z+—|sin—+Zsin——+_sin—+....
2 2 3 2 5 2

2 n=123..0dd 1
8 (cosx cos3x cosS5x
10. f(x)=? ; + 32 + 52 +....

n 4 1 1
11. f(x)=5+; cosx+3—2cos3x+5—zcos5x+....

1 2(. nmx 1. 3nx 1. 5nx
14. E+_ s1n7+§s1n—+—sm—+....

2 4 cos2mt  cos3mt
16. f(t):§+F COSTtt — 52 + 32 —e

2 < sinnmx
7. —=2,
n=1

= n
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. 4. mx 1. 3mx 1. 5nx
19. () —|sinTHosin—mdosinT o

o 2nm .
(ii) Zﬁ(l — ecosnx) sin nmx

“~1+n'n
b L cos™ o Logs ™y L oos S )
0.0 70 I s
2 4(1 2nx 1 4 1 6
(i) ———|5cos——+-_cos——+_-cos—+
n mw\l3 / 35 / 5.7 /
n_z_[cos2x+cos4x+cos6x+ )
(iii) 6 12 2 32
[l — i) sinmx + [L + i) sin37x + [L — i) sin Smx+
2. S = T T 3n 3%’ 51 5wt
8 (sinmt sin3nt  sinSmt
22. ) T + 3 + T

6.10 : Complex form of Fourier Series
Let f{ix) be a periodic function of period 27 defined in (a0 a+2m). The Fourier series of f{x) is
given by

f(x)= Zw:(an cosnx + b, sinnx) (D)

n=1

Euler’s formulae.

We know that "™ =cosnx+isinnx ; ™ =cosnx —isinnx
einx —inx einx _ e*imc _l ) )
Hence cosnx = T and sinnx = 2— = 7(@’"’“ - e”"x)
i
Substituting these value in (1) wet get

inx ﬂnx bnl inx —inx
+Z[" G )}

a, &|(a,—ib ) .. (a,+ib\ _ix
=2+ +
2 ZK j [ 2 je }

a a —ib a +ib
_ 0 _n n r_ "n n
Let €=+ ¢, = ce ==

(2)

x)=c¢, +nZ(c e +c e’ ) ..(3)

Integrating (3) w.r t x between (a, 0.+ 27) we have
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QT" f(x)dx=c uTn dx + Z{ uTnemxder ¢ uTnei"xdx}

o+2m

[ £ de=c[x)e + i[c 0+¢,.0]

n=1

[ ‘[:+2nei"xdx = ‘[:+2ne’i”xdx = 0}

a+27 L.
=_[ (cosnx+isinnx)dx =0
o

J.mznf(x)dx =¢,2n  ..¢, =2L 0L+2nf(x)dx
a TE a

Now from equation (3) multiplying - and integrate within the limitscc to oc +27, we get

a+2m ﬂm a+2m ﬂm a2 .o ﬂm (+2n —inx inx
——_[ x)dx = COI dx+z I e dx+c, I e Mdx

_[+2n " f(x)dx=¢,.0+c J-(H ndx+c;.0

+2n Zinx
_[ dx=c 2m

o+2m inx
c, :2_7:'[“ f(x)e™dx

Now from equation (3) multiplying ¢ and integrate within the limits o to o+27, we get

a+2m inx a+2 m)» a+2n inx _inx ot inx _—inx
I e f(x)dxzcoj dx+z I e"e +cj e".e

a o

— ’
=¢,.0+¢c,0+c, ' 2n

’ 1 ar2n

&=5-1, e™ f(x)dx

—i a
We have ¢, = e 2lb” for n=1 to o and * for the range n = —o to —1

ay
¢, =¢ =7 also forn=10

0

Equation can be represented on the form f (x) = Z c, e™

n=-—ow0

1 a+2n o
h —Inx
where ¢, = e L f(x)e dx

n is positive negative or zero

This is called complex form of Fourier series or the exponential form of Fourier series and
the ¢ are called complex Fourier coefficients.

Also complex form of Fourier series of f{x) having arbitrary period 2/ where

e 1 pis2e Tinm

I<x<I+2l, f(x Zcef, =5, f(x)e ! dx




