=} CHAPTER - 7 { =

Fourier Transforms

7.0 : Introduction

We have already discussed with the solution of higher order ordinary differential equations with
initial condition, (initial value problems) using Laplace transforms. In this chapter we introduce another
well known integral transform called Fourier transform which is very useful in obtaining solutions of
partial differential equation.

7.1 : Finite Fourier Transforms and Inverse Finite Fourier Transforms

We have already discussed the concept of Half Range Fourier Series (Cosine and sine) in the
previous chapter. With this background we develop finite Fourier cosines and sine transforms.

Let f(x) be a function defined in a finite interval o < x </, i.e., when the range of one of the
variable say x’is finite. Suppose f(x) is neither periodic nor even nor odd. Now by redefining f(x) as an
even function in — / < x </, the cosine half range Fourier series of f{x) over the interval, (0, /) is given
by

f(x)= a_20 + Zoi:an cos [@j (1)
where, d, = [ /() dv (i)
a =% 16 cos(@jdx ...(iif)

We can as well say that (iii) is valid forn =0, 1, 2, 3, ....
Then the finite fourier cosine transform of f{x) in o < x </ is defined as

Denoting, F (s)= j (%) cos (@j dx (iv)

2 . .
we have a, =7FC(S) and in particular

2 a 1
ay =7FC(0) or EOZ;FC(O)

Hence (i) become, /(X) = ;FC(O) +%2FC(S) cos (@j (V)

For a given function f{x) in (0, /) (iv) is called finite Fourier cosine transform of f{x) also denoted

by E F.[fx)]
Further the function flx) given by (v) is called the inverse finite Fourier cosine transform of
F (x).
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Now by redefining f{x) as an odd function in — / < x </,
The half range Fourier sine series of f{x) over internal (0, /) is

ﬂw=zmm{%?yx (Vi)

21 . nmx
bn :7If(x) Slanx (Vll)
0

Then the finite Fourier sine transform of f{x) in 0 <x <1 is defined as which is a function of #, an
integer.

F(0=[/(x) sin==d - (viii)

2
b, = 712 (s) .(ix)
The inverse finite Fourier sine transform of (x) is given by
2¢ .
Hence (vi) becomes f(x) = 72 F.(s) sm# (x)
n=1

For given function f{x) in (0, /) (viii) is called finite Fourier sine transform of f(x) also denoted
by F. F [f(x)].

Illustrative Examples

Example—1. Find the finite Fourier cosine transform f(x) =e™ in 0 <x <.

Sol': F (s)= If(x) cos s x dx= Ie‘” cos sx dx
0 0

T

ax
e .
={ — (@cossx + ssin sx)} , by a standard formula
a +s
0

a
= [e” cossx]; = (e cossmt—1)

a+s’ a +s’
Thus F(s) =———{e"(-1)' =1}, s=0,1,2,3,...
a +s

Example— 2. Find finite Fourier cosine transform of the given function Jx) = ;’1’1 2 <0x<: 1< 172
Sob: F.(s)= jf (x) cos [%] dx
Here thoe interval of x is (0,1) and hence /=1
F.(s)= jf(x) cos (smx) dx
01/2 1

= I—l.cos (smx)dx + Il.cos(snx) dx

1/2
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B {—sin (srtx)}”2 N {sin(smc)}l
- ST 0 ST iy

- i{—sin (sm/2)—sin(sm/2)}
ST

F (s) =§sin (sm/2),s#0

<x<12
Example —3. Find the finite Fourier sine transform of the given function f(x)= ;’_ X, 01 /Zi x </ 1
1
Sol': F(s)= f(x) sin % dx
0
Here the interval of x is [0, 1] and hence /= 1
1
F,(s)=[ f(x) sin (smx) dx
0
1/2 1
= [ x sin (smx) dx + [ (1-x)sin (s7x) dx
0 1/2
. 1/2 . 1
cos(smx sin(smx —cos(smx sin(smx
=[x.— ( )—1.— g > )} +[(1—x).#—(—1).— g > )}
ST s, ST s s

11 1 .
= ;{ECOS (sm/ 2)} + W{sm(m /12)}

-1]-1 1 .
;{TCOS (sm/ 2)} gt {~sin(sm/2)}
Thus F (s)=2/s’n’.sin(sn/2).

Example —4. Find the finite Fourier sine transform of the following function f(x) = cos kx (k is non
integer) in (0, 7)

Sol": F(s)= J.f(x) cos sx dx = Icos kx. cos sx dx
0 0

=lj2cos Jox . cos sx dx:ljsin (s +k) x+sin(s — k)x
29 2

0

1] cos(s+k)x cos(s - k)x}n
21 s+k s—k

0

1 1
— cos(s+k)m—1} —
2_s+k{ (s+im } s—k

{cos(s — k) — 1}}

1 . .
_1 + L {cossm.cos km — sin sm.sin ks }
2l s+k s—k| s+
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p {cosm.coskm + sin sm.sin k)
5

1| 2s 1 1 }
=— — COSST.COSKT +
2| s —k? s+k s—k

1[ 2s 2s
=—| ———5 —COSST.COSkT.— JE
§2 -

2| 57 —k?
s
=———[1-cossm.coskn]
s -k
N s+1
F.(s)=— 2{1+(—1)‘ coskn} where k # s
) s°—k

7.2 : Fourier Transforms

Let fix) be a piecewise continuous function and have piecewise continuous first derivative in any
finite interval and f{x) be absolutely integrable. Then the function F defined by, —oo < x <o

F(s)== ] f(x)ear D)
is called, the Fourier transform of f{x) and we denote it by
s)=F[ f(x)] -(2)

Inverse Fourier Transform :
Let f{x) be a function satisfying Dirichlets conditions in every finite interval (—/, /)

Let F(s) denotes the Fourier transform of a continuous function f{x). Then at every point of
continuity of f{x), we have

f(x F(s)e™ds
()= ﬂ JF( 3)
is called the Inverse Fourier transform of F{(s), We denote it by

f(x)=F"[F(s)] 4

Note : In some texts the Fourier transform of f{x), is defined by

F(s) e dx

A

In this situation the inverse Fourier transform of f{x) becomes.

l?xds

f(x F
()= [ F(

Consequently the results proved in the subsequent theorems may differ in their sign. It is therefore
advise to take care of this fact. The coefficient

1
E may also be different.
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PROPERTIES OF FOURIER TRANSFORM :
Uniqueness of Fourier Transform :

Theorem —1 : If f(x) and g(x) are piecewise continuous and absolutely integrable functions having
piecewise continuous first derivative in any finite interval and which have the same
Fourier transform then they may differ at only a finite no of points of discontinuity in
any finite interval.

Proof : Since f{x) and g(x) have the same fourier transform we have F[f] = F[g] = F(s) say.

or F(s)= x)e™ds =ﬁ]§ g(x)e™ds (1)

1 0
N2 Lf(
Further, by fourier integral Theorem,
S) () _s(x)relx)
= J F(s
2 2 2T S
form this it is clear that at points where f{x) and g(x) are continuous flx) = g(x) this implies that the

Fourier transform and its inverse is unique if the function is continuous and that two functions differing
at their finite points of discontinuity may have the same fourier transform.

lm‘ds ‘”(2)

Theorem -2 : Fourier transform is continuous.
Proof : Let f(x) be the function whose Fourier transform F(s) = F [f (x) ] exists; then by definition of
Fourier transform we have.

F(s)= \/— I f(x) e™ds (1)

and F(s+h)= rj f(x) € ds (2)

From this it is clear that at points where f(x) and g(x) are continuous f{x) = g(x) implies that
Fourier transform and its inverse are unique if the function is continuous and that two functions differing
at their finite points of discontinuity may have same fourier transforms.

The Fourier integral theorem ensures the existence of the transforms given by (1) and (2)

Theorem -3 : The Fourier transform is linear; that is if f,(x) and f(x) function whose Fourier
transforms exist and ¢, and c, are scalars, then,

Fle,f,00+ ¢, f,(9] = ¢, FIf, (0] + ¢, FIf,(9)]
Proof: By definition of Fourier transform,

Flefi+e,f,]= f j [e /() +c, fy(x)eds |

L T o fi(x)e™ + LT o, f,(x) e dx
NOYo NOYoh

(x) e ™ds + 5 dx

=&Ifl rJf(x)e

=c F[f,]1+c,F[f,] this proves the result.
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7.3 : Fourier Integral Theorem
Theorem — 4 :Let f(x) be a function which satisfies the Dirchlet’s conditions in every interval
(=L 1), then

_ LT ice-s
fe9 = | [ fyds dxe
Proof : We know that the complex Fourier series of f{x) in (—/, /) given by

S(x)=

n

inmx

c el (1)

n

I

—innt

where ¢, :—Jf dt

Substituting the Value of c in (1) we get

Put 6s=% so that &5 > 0 when /| —» «©

in(x—t)3s

f(x):i 2Llj.f(x) e ! dr _ L i 5sjf(x) S gy

7.4 : Inversion Formula for Fourier Transform

Theorem — 5 :Let f(x) be a function satisfying Dirchlet’s conditions in every function interval (-, I).
Let F(s) denote the Fourier transform of f(x). Then at every point of continuity of f(x),

we have
f(x F(s)e™ds
()= [
Proof: By Fourier integral theorem, we have
=— j j f(2)-e“ " dt ds

1 00

wizie’““[ﬁf f

- \/;7{ J' e’“’{ \/;7: I f (t)-e””’dt} dw (putting s = —w)

1 K —ixw 1 —ixs
- I eF (w) dw=—— I F(s)e™ds (By definition of Fourier transform)

21 NOT I

t) -el‘”dt}ds

©
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7.5 : Fourier Transforms and its properties

In previous article we discussed the infinite exponential Fourier transform and its properties. In
this article we shall discuss some other infinite transforms namely Fourier sine and Fourier Cosine
transforms.

Fourier sine transforms :
Definition :
The Fourier sine transform of f{x), 0<x<oo is defined by F (s) where

2% .
= J%Jf(x) sinsx dx = F; [f (x)} , Whenever it exists.
0

(ii) Fourier cosine transform :
The Fourier cosine transform of 0<x<co is defined by F (s) where

2 o0
S) = J; Jf(x)cossx dx=F, [f(x)l , Whenever it exists.
0

Properties of sine and cosine transforms:

Fourier sine and cosine transforms have many properties similar to those of exponential Fourier
transforms discussed in previous chapter for example:

(i) F and F respectively, the Fourier sine and consine transform operators are linear.

Theorem — 6 : Fourier transform, Fourier sine transform and Fourier cosine transform are linear
@) Flaf(x)+bg(x)]=a F[f(x)]+b F[g(x)]
(i) Flaf(x)+bg(x)]=a F[f(x)]+bF[g(x)]
(i) Flaf(x)+bg(x)]=a F[f(x)]+b F[g(x)]

where a and b are real numbers.

Proof: (i) Flaf(x)+bg(x)]= rI[af x)+b g(x)]e™dx

[ 700 acs e (e a0 10 et

\/ﬂ NELE
(ii) Fg[a f(x)+bg(x):|=%z[a f(x)+b g(x):lsin sx dx

s1n sxdx +

]9 g(x)sin sx dx
0

e
]9 e™dx + = 2b Tg(x)sin sx dx
Jrs Jr g
—ar[f (s ]+ba [e(x)]
Similarly (iii) can also be proved
Change of Scale Property
For any non zero real a,

f{regl= ()

a
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Proof: Suppose, a > 0
F[f(ax)]z% T f(ax) e dx

t
. (put ¢ = ax)
a

\/—Lf(t)

ool00a) 1
L e ~Le()
2T % a a

Similarly a<0

FLA@)] == [0 o % —1r(2]

a a

Theorem —7: Let F and F, respectlvely the fourier sine and and cosine transforms. Then prove the
followmgs

()  F[f(ax)]=a'F,[s/a],(a>0)

(i) F.[f(ax)]=a'F[s/a],(a>0)

(i) Fleosar f(0] = [F(s+a)+ F(s-a)

(V) F[f(x)sinax]= L[F(s +a)—F(s—a)]

() F[cos(ax)f(x)]== { (s+a)+F,(s—a)}
F,[sin(ax) f x]:-{F (s—a)-F. (s+a)|
F [sin(ax) f(x)]== { s+a)+F, (a=s)}
F [cos(ax) f(x)]== { s+a)+F, (s—a)}

i) F[f(x) ]—R(s|) sgn x where sgn s

|+, >0
-1 s<0
Proof: (i) By definition of sine transform, we can write

F, [f(ax)} = \/%If(ax)sin(xs)dx

Putting ¢ = ax so that df = a dx, dx= dt

a
we get F. [f(ax)} :\/%Iéf(z)sinlizjdt :é\/ng(z) sin[izjdt

=%Fs {%j,(cz >0)
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(i)  Similarly, one can prove that

FLr(a)]=2E[£)(a>0)

iy F[f(x)cosax]= \/;7{ Te"“ f(x) cos ax dx

e +ei“x] d
2

— \/;—n J'eisxf(x) [ l
1 1 T i(s+a)x 1 T i(s—a)x
- E{E j S ()t J e f(x)dx}

:%[F(s+a)+F(s—a)]

vy F [f(x) sinax]= \/L T €™ f(x) sin ax dx

=l f(")[ - ]d"

21{ j ‘”f(x)dx——j i )dx}
l

ZE[F(s+a)—F(s—a)]
@ FLeos(@)/(x)] = Jeos(ax)f (x)sin(sx)ar

[ j [2sin sx.cosax] f(x) dx
Jf )[sin{(s +a)x} +sin{(s —a)x} Jdx

J.f s1n{ s+a) }dx + ff s1n{ s a)x}dx

:E[E(SJF‘Z)JFR(S_G)]

Similarly other can be proved.
(vi)  We know that

Fs[f(x)]z\/gff(x) sin sx dx=F,(s) (s>0)
TEO
When s <0

Fs[f(x)]z\/% Tf(x) sinsxdx (s<0)

(1)

7.9
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Putting s =-m, where n >0, we get
Flf]= J% [ 7Gxy sin{(-m)x} ax

=—J% [ £ () sin(x)dx = —F, (n) =—F (=) -2)
From (1)0 and (2) we have in general

F[f0]=F (Is])sgns

B {1, when s3>0
where sgn s ="

1, when s <0

Theorem — 8 :

F[f(x—a)] = F(s)
Proof : F[f(X—a):|=ﬁLf(x—a edt
= [ 70 [putxa=]

T f(x) e dx=e“F(s)

T
i
Q
i
|:|
Il
T

(s+a)
1

Proof : F[e"‘“'f x ]: \/E,I e’ f mdx

0

Y dx = F(s + a)

=ﬁjf(x) e

Theorem — 10 :
(i) F[x"f(x)]=(—i)"%[F(s)] Gy Alxf()]=—-[F(5)]
iy F[x f(0)]=2[F(5)]

Proof : (i) Wehave F(s )€ dx

)10

Differentiating both sides n times w.r.t. s’ we get,
jT:(F(s)) =ﬁ]; £ (x)@x)" e™dx
_ JZE [7 1 (x) e™xdx = i"F[x" /]

L r(s))= (0 ()

Hence F[x f(x :|

i"
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(i)  We have F J f cos sx dx

Differentiating w.r.t. ‘s’ on both sides

< [r (s }\ﬂf (cos sx)

-2 j £ (x)(=x sin sx) dx
- %Jx £(x)(sin sx) dv=—F, [x f(x)]
. F[x f(x)]=-%[€(~v)] Proof of (iii) is similar.
Theorem —11: F| ['(x)]=—isF(s)if f(x)—>0as x>+
Proof P (e = e S L]
== (e ()]s [ (x)eas]

\/7
=is F (s )(Smce f( )— 0, asx—>ioo)
Note: F[f"(x)]=(=is)' F(s)if £.f 1" f(x=1)—>0 as x -+
Theorem — 12 : Fourier sine and cosine transforms of derivatives:
Show that

() F.[£'(0)]==sF.Lf(0)] if f(x) >0 as x >0
(i) £ [/'(0]=~@/m)f(0) +5FLf ()] if f(x) >0 as x = o0
(iii) F,[/"(0)] =2/ m) () ~s*F[f(0] if /(x) and f(x) >0 as x =0
(i) F[/"0)] =2/ 1) £ (0) = s*F[f (0] if /(x) and £'(x) >0 as x = o0
Proof: (i) By definition we can write
Ffw)= J% J£169 sin ) d
Integrating by parts, the R.H.S. of (1) becomes

- Jg{[f(x) sin sx dx]: —_Tf(x).s cossxdx}

= _s—‘[f(x) cos sx dx =—sF (s)

N
F[f'(x)]= j £(x) cos (xs) dx = —sF.(s)
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(i)  We have

LS ()= J%Tf'(x) cos (xs) d
= J% {[cos(xs) f] ., + SI £ (x) sin(xs) dx} _— J% F(0)+sF.[f(x)]

(iii))  From (3) we can write

F [f”(x)] = \/%Tf”(x) cos sx dx
f{[f (x) cos sxdx _[f'(x)( s) sin sx dx}
2 .. , L , 2 T, .

\/;{}ﬂ(f (x) cos sx) 1}_133(f (x) cos sx)} +\/;. s_([f (x). sin sx dx

2 , 2 . = T
_\/%(—f (O))+\/;.s {[f(x) sin sx]0 _O[f(x).scossx dx}
:\/gf'(O)—sz\/g]Ef(x) cos sx dx

i T
= \Ef'(o) ~s"F.(s)

T

(iv) Try yourself.
Theorem — 13 : Fourier sine and cosine transforms of some elementary / simple functions:

Show that

i  Fle* ]—\/(2/75)( 3’ ,(s>0)

.. . 2

() Fle]= [—] 9 (s>0)
mw)a +S

(i) Fle“]= /(2)(:0‘[ ( j (s >0)
T S

iv)  Flx'1=(x/2)

)  Flxe™]= [3]“— (a>0)

(@’ +5°)

(vi) Flxe®]= (ZJL (s> 0)

(a* +s%)
Proof : To prove (i) and (ii) consider the integrals

1= J'e"” sin(xs) dx, J = J'e"” cos(xs) dx (s >0) (D)
0 0
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Involved in the calculation of sine and cosine transforms. Integrating by parts, we get

(iif)

o0
1 —gr - ®© S -
I:[—a 1e‘”smxs:l Lt Ie‘”cos xs dx
a

s=l

By (1), this may be written as

=27

a . .
Similarly integrating by parts the integral J in (1), we get
g-Ll_s,

a a

Solving (3) and (4), we get i. e.

2
,:i(i_i )ZL_S_,

a\da a a2 a2
2
N N
314——21:—2
a a
S a
I=——— and J=—
a +s a +s

2
Multiplying by the scalar factor \/; inland J we get

Fle®=\ 2 1= 2 ——

‘ i n (a +s7)
and Ele“1=\2 7= 2 4
b n (a +s7)

This proves (i) and (ii)
From (6) above we have

2% 2
\/: J.e’” sin(xs) dxz\/: ZS >
T Ta +s

Integrating this with respect to ‘a’ from 0 to “ o0 > we get

J {\/2 Je"”‘ sin(xs)abc}iarz\/2 sj 2da 5
0 T o T pa +s§
\/5 1[ . aT 2 (n . aj
=,[—.s—|tan —| =,[—|—-—tan —
TS s 1o T\ 2 s
= \/z cot™ [zj, (s>0)
i s
\/z T x"'e ™ sin(xs)dx = \/z cot™ [gj
T % o s

-(2)

..(3)

..(4)

..(5)

...(6)

(7

...(8)

7.13
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From this we deduce that

F;[xileiax] - \/%cot' [%j (s>0) ...(9)

This proves (iii)
(iv)  From (9) we can write

-1 7ar : 2 -1 a
lim £, [x"' "] = lim \/%cot (Ej .(10)

Thus

F;[xl]z\/%.gz\/% (1)

This proves (iv)
(v)  If we differentiate (7) with respect to a, we get

{\/7 Je COS XS dx} d{f }
da 1o )
B 5550
(a +S) o (a +S)
mWﬁJﬂ“ ) 450
(@ +5%)

From (6), differentiate w.r.t. a, we get

ax 2 2as
R[xe “]:\/:m,a>0

Theorem — 14 : Show that

1 k+iz

L2r (k+iz)’ +d°

@Wwwmuw:ﬁi%??

(i) Flu(x)e™ cos(ax)] =

Proof:
(i)  Let f(x)=u(x) e’k"cos(ax) -(17)

©

I ¥ cos (ax)e “dx
0

1 K —(k+iz)x eiax + eiiax
= e — dx
Y} 21 o 2

1 —(k+iz—ia)x —(k+iz+ia)x @
= +
2V2n | —k+l(a-z) —k+1(-a-2z) |

Then F[f(x)]=
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1 1 1
N {k—l(a—z)+k+l(a+z)}

1 { 2(k +iz) }_ 1 k+iz

7.15

Tovan |viny v | an k+iz) +d ~(18)
(i)  Let f(x)=xu(x) sin (ax) ...(19)
Then if we take g(x) =u(x) sin (ax) ...(20)
1 a
Then F[g]—E PR ..(21)
Since we know that %F[g] = (—i) F[xg] .(22)
Therefore - Fl] = (-) FL/] 23)
Hence, by (21) and (23)
14 1 a 2iza
F =
/1= s {\/ﬁ e _22} an(a—7) (24

7.6 : Fourier Transforms of Even and Odd functions

(1)  Let fix) be an even function of x i.e., f(—x)= f(x), whose Fourier transform is F(s).

Then F(s) = FLf(x)] = “ dx

F J f(x) e
f F)edss ]9 e”“dx} T { Jreoesacs] s e’“dx}

T _J:) f(=x)e ™ dx + Io f (x)emdx}

]ﬁ f(x)e ™ dx +T f(x) e"’“dx}

T f(x)(e™ +e™) dx}

2 Tf(x) cos (xs) dx

27[0

ﬁ

= 2 T /(0) costsx) dx = F, [£(x)] ()
T o

This shows that Fourier transform of an even function is equal to its cosine transform.
(i)  Let fix) be an odd function of x i.e. f{—x)=—f(x), whose Fourier transform is F(s), then by
definition
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F(s)=F[f(x)]= \/— I f(x) e™dx
jg f(x) e™dx +Tf(x) emdx}

—T f(x) e™dx +T f(x) emdx}

f f(x) sin xs dx

f- #i- 8-

K L'xs_ —ixs d
> gf(X)(e ) } \/—n

=—i \/Z/njf(x) sin xs dx =—-F [ f(x)] (2
This relates the Foglrier transform of an odd function to its sine transforms.

7.7 : Inversion formula for Fourier sine and cosine transforms
Let F (s) denote the Fourier sine transform of f{x).

Then f(x)= \/EJ.F;(S) sin sx ds
T
If we define a ﬁm%tion

f(x), x=0
g(x)—{f(_x), <0 (1)

where f{x) is defined for positive values of the real variable x, then Fourier transform of g(x) is
given by

g(.X') Oj; (.X') eis“"dx = % |:jig(x)ei5‘xdx + Ig(x)eimdx:|

L

— Djf(x) e + e““’}dx}

\P Df(x) cos (xS)dx} =Flg0)]=FLf(0)]=F.(s) (2)

[ g(x)= f(x)for all x> O]
This indicates that the Fourier cosine transform of a function f{x) defined for positive real variable
x i.e. equal to the Fourier transform of a function g(x) which is an extension of f{x) given by (1)
and is an even function. Thus by Fourier integral theorem, the inverse Fourier transform of F (s) give

gx)ie.,

s‘—-o

f(=x)e ™ dx + j f(x)e™ }

ﬁ\ ﬁ\

Flg)] =ﬁ T F.(s) e™ds e

B %{ ]1 F.(s)e™ds +T F(s)e™ ds}
Tl 0
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Since F (—s) = F (s), i.e., F(s) is an even function of's, we get

2 = éﬁaw{%}ds

= \/%IFC (s) cos sx ds -(4)

From (1) and (4), for s > (0 we see that

f(x)= \/7 JF (s)cos sx ds

ie.  f(x)=F[F.(s)]
From (2) and (5) we may state that
Definition:

.(5)

Inverse cosine transform. If F (s) denotes the cosine transform of a continuous function f{x)
defined for x> then its inverse transform is given by

f(x)= \/z TE.(S) cos sxds
T o

From above it is evident that F' =F , ie, FF =1
where | denotes the identity operator.

.(6)
(8)

If we define an odd function g(x)=1{7 (¥ *>0 9
we define an o nction ~f(=x) x<0 ...(9)

Then the Fourier transforms of g (x) is
Flg(x)]= T g(x) e™dx
1| ¢ " K
= ﬁb; g(x) e™dx+ J;g(x)e’“dx}
{ Jq f(=x) e ™ dx+ ]ﬁ f (x)e"“dx}
) 0

Pl

ﬁ F@E —e™) dx}

:—\/z Tf(x) sin xs dx
T %

=—F,[g)]=~F,[f(2)]-iF,(5)

8‘—-0

f(x) e™dx + T f (x)e"’“dx}

ﬁ\

9\

.(10)
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By Fourier inversion formulae
g =i

V2n

V2

From (10) when F (—s)=—F.(s), i.e., here F (s) is an odd function of s, therefore we get

T F.(s)e™ ds

|:TFS(S) e ds+TFS(s) & ds} (1)

g(x) :_i\/zz%ﬁps(s){em _e—ixs} ds :%IFS(S) sin xs ds (12)
V2 % .

Hence, for x>0, f(x)=— JFS(s)smxs ds=F[F.(s)] ..(13)
T 9

Now we may define the inverse of sine transform
Definition (inverse sine transform):

It f{x) is a continuous function defined for x>0 and F,(s) is its sine transform then

N

27 .
J(x)===[F.(s) sinxsds (14)
T o
Gives the inversion formula for the sine transform. From (14) it is evident that
F;l = Fr Le. F;l Fr =1
Theorem -1: The Fourier transform of the convolution of f(x) and g(x) is the product of their
Fourier transforms.

(i.e.) Flf (x) *g(x)] =F (5)- G (s) = F [f (x)] -F\g(x)].

1 [ isx
Proof : F[f*g]ZﬁJ.(f*g)(x)e‘ dx

= iw{ﬁwf(t)g(x - t)dt]emdx

= J;_n Tf(t)( ]2 g(x- t)emdxjdt

(by changing the order of integration
17 1|7 ;
= t —t)e" dx (dt
V27 J;f( )V2Tt {Lg(x ) XJ

1

= N Tf(z)F[g(x - Z):ﬂdl

1 T ist
n J-f(t)e‘ G(s)dt (Theorem)
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1

N J f(e)e™dt

=G(s)- F(s) =F (5)-G(s)
Corollary. F' [F(s) -G(s)] = (f*g) (x) = F ' [E(s)] * F'[G(s)].
Theorem - 2: (Parseval’s identity). Let F(s) be the Fourier transform of f(x).

Then T|f(X)|2dx = T|F(S)|2ds

Proof : For any two functions f{x) and g(x) we have by Theorem. F(f'* g) = F(s) G(s).
Hence f* g =F'[F(s) G(s)].
17 1

T L F(O)glx =) ==

zg(s).

TF (S)G(s)efi‘“ds

Putting x = 0, we get Tf(z)g(—z)dz = TF(S)G(s)ds

—00 —00

Now taking g(r)= f(-t), we get

]zf (1 )mdl = JF (S)mds (using Theorem )

—00

Hence J-|f(x)|2dx = J|F(s)|2ds )

Theorem - 3: (Parseval’s identity for Fourier sine and cosine transforms). If F [f (x)] = F (s) and
F [g(x)] = F (s) then

i Jlrefac=[lE ds ama iy JleCef ae=]
0 0 0 )

Proof : (i) and (ii) follow from Parseval’s identity for Fourier transform.
Theorem - 4: If F (s) and G (s) are the Fourier cosine transforms and F (s) and G (s) are the Fourier
sine transforms of f(x) and g(x) respectively, then

Fc(s)|2ds

00 00

J-f(x)g(x)dx = ]‘ti (s)G.(s)ds = J.Fs(s)Gs(s)ds

0 0

Proof : TE:(S)GC(S)‘ZS = TFC(S)[\/%T g(x)cos sx dx]ds

= ]zg(x){\/%]iﬂ(s) cos sx ds]dx

(by changing the order of integration)
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= Tg(x)f(x)dx

(by inversion formula for Fourier cosine transform)
jf

Similarly J.Fq s)ds = Jf

Evaluation of Fourier Ti ransform
The following results will be often used in evaluation of Fourier transforms.

00

Car _a T b
(1) ‘([e cos bx dx ——a2 e 2) '([e sin bx dx = S
sinax T T 2
3) J o &= ifa>0. 4) Ie dX=
0 0

Illustrative Examples
Example — 1 : Find the Fourier transform of
x if|x|<a
f(x) — ; | |
0if |x| >a

Sol" : The given function can be written as

f(x):{x if —a<x<a

0 otherwise.

_F|f

00
J‘ IS‘X dx
—00

_«/% is 52 is 52 \/% is 52

1 |2acossa 2isinsa 1 | —i2acossa 2isinsa
+ > = + >

V2n s s
S F(s)= iz\/%[sin sa—ascossa|

is s
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Example — 2 : Find the Fourier transform of
1 if|x|<a
f(x) — ; | |
0 if |x| >a
where ‘a’ is a positive real number. Hence deduce that

o, L) . 2
sint T sint T
() JT"’ =~ and (i) J(TJ dt =~
0 0

Sol" : The given fucntion can be written as

f(x)z{l if —a<x<a

0  otherwise.

“F(s)= FLf(x)] =ﬁj fean = [oar - .. { }

B 1 e[as _ e—[as B 1 (21 Sin asj
N2m is 2n s

L F(s)= %(&:SJ ()

() Now, by Fourier inversion formula we have

Sf(x)= \/;_n TF(s)ei‘des

1 [2(sinas
:\/%J.\/;( s ) (cos sx — i sin sx) ds [using (1)]

o0 o0
1 sinas i sinas \ .
=— cossx ds—— || —— |sinsxds
i s i s
00 —00

1 t( sinas sinas\ . . Lo
=— J.( Jcossx ds (( )sm sx isan odd functionin sj
T

N

o0
2 ¢( sinas sinas . ..
=— cossx ds | .. cos sx isaneven functionins
n .
0

N

J-(M) cossx ds = gf(x) .

) T( sinas T
Putting x = 0, we get J-( jds =5
s
0
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t dt
Now, put = as. Then we have S:Z and dSZ:.Furthert—)Oass—)Oandl—)ooass—)oo.

sint
Hence J( )dl 5.
0

(ii) Using Parseval’s identity _“ f (x)|2dx = _”F (s)|2ds we get

2
J.ldx— J'[\/Esmasj "
s
sinas '\
(ie) 2a=— ( )
o( sinas\’
J-( ) ds=an
—0 s
T sint\(dt
Putting t = as we get J. i a =an
T( sint\’ sint\’
2'[( J dt = n[ (—j isan evenfunction}
t t '
"'J-(Sm[j gt
t 2
0

Example — 3 : Find the Fourier transform of f(x) = xe™ where 0 <x < co.

Sol" : F (s)=F[f(x)]

1 isx _ 1 T —Xx\ _isx
_m'[jf(x)e dx—m'([(xe )e dx

xe—(l—is)x e—(l—is)x ]OO
0

II
O'—.S
:
II
N || —
:1
1
|
—
—
~
)
N—
|
—~
ek
~
)
N—
()

[ ](|e’ " =le™] > 0 as x »>»)
e*e™—> 0asx — o)

1 (l + is)2

Vam (1452)
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Example — 4 : Find the Fourier sine transform of f(x) defined by

(lifo<x<I
f(x)_{ 0if x>1°

Sob E(S)j/%jf(x) sinsr ds \PJ o= [ zees]
L

Example — 5 : Find the Fourier cosine transform of 2¢7* + 3¢~

Sol" : Let f{x) =2¢ + 3e™.
F [fix)] =F [2¢ * + 3e™]
2 T —3x —2x
=.—1(2e7" +3e cos sx dx
-l )

0

0

= 2 ZJ e cossx dx + 3J e 2" cos sx dx]
0 0

2[( 3 2 V2 1 1
== 2 +3 = = 2. ot 2 .
nl \s"+9 s*+4 \/E s +9 s7+4

Example — 6 : Find the Fourier cosine transform of

cosx ifl<x<a
f(x):{ 0 ifx>a

Sol" : Fc(s) =\/7J‘f(x) COS SX dx=\/zjcosxcossxdx
0 T

0

2( 1\
B \/;(E)f [cos (s +1)x + cos (s —1)x] dx
0

1 sin(s+1)x . sin(s—1)x ‘
_\/E s+1 s—1

1 sin(s+1)a . sin(s—l)a
_«/% s+1 s—1

ale

0

provided s # 1, —1.

1
Example — 7 : Find the Fourier sine transform of e

1 2 ¢ sinsx
. F|—|=,— dx
Sol" : S(X) Vn—([ ¥
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2 7 sind 40
=,—|——db ~ _ _a

Vn.([ 0 (putting O = sx so that dx . )
_ 2. .wsine n|_ [T
_/nxz[;! ecm_EJ Jz.

e
Example — 8 : Find the Fourier sine transform of T a>0.

—ax

Sol" : Let f(x)= c

o
Fsﬂ;f(x);ﬂ = \/%J-f(x) sin sx dx.
0
2 0 —ax
- \/; ‘([ [eTJ sinsx dx=F(s) (say). e (1)

d 2 ¢cd[e ™ .
Differentiating w.r.t.s we get gﬂiF (S)] :\/; _[0 Z?[ PR ijdx
2 (® _u 2 a
= —J- e " cossxdx =\|—| 5
T J0 T\Ss +a
Integrating w.r.t.s we get F(s) = \/ZJ-( 5 a 5 )ds
T s +a

= \/Ztanl(ij +c 2
n 276 2)

From (1) we note that F(s) = 0 when
s=0,Hencec=0

LF(s)= FS[F(’C)]I = \/%mnl(ij

—ax —ax _ ,—bx
Example — 9 : Find the Fourier cosine transform of € and hence find F, {L} .
x x

e P < e ™
Sol" : Fc{ } = \/:J— cos sx dx = F(s) (say).
x My X

Differentiating both sides w.r.t.s, we get

dF(s) _d /Eje_cossxdx
ds ds Ty X
[27d[e™ [27e™ _ 27 .
= ;'([g( . COSSXJJX = ;'(')- . (—XSZI’ISX)dXZ— ;'([e sinsxdx.
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e -1
Simillarly F{T} = NG Zog(s2 + bz)

—ax _ —bx —ax —bx
X X X

1 s 1 s 1 s* + b?
S —— b*) =——1
275 0g<S +a )+ 275 Og(S + ) o Og(sz-i-az .

Example — 10 : Find the Fourier sine and cosine transforms of xe ™.

Sol" : We have F,[xf(x)|= —%Fc[f(x)]

Let fix) =e™.
-ax d [ -ax
Fs[xe ]l = _ch[e ]

d [2( a :_\/Z—_% __ s
T ds ;(s2+azj T (s2+012)2 x/;(sz+a2)2'
We have F_[x f{x)] = diFs[f(xﬂl

s

.'.E[xeiax]zili[e*‘“]l =% 2( 5 - 2)

TA\Ss +a
2 s* +a* - 25 2| a*-5?
= /_ — = /_ —
T (s2+a2) T (s2+a2)
Example — 11 : Find (i) the Fourier cosine transform of P and (ii) Fourier sine transform of
x
1+x*°

) 1 2 F cos sx
Sol" : (1 F =.|— dx .
() C[1+x2} Un-([l+x2
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Let J= I“’”x P (1)
1+x?
dl 00—xsinsx
S—=|———dx
ds _([ TP 2 ———— 2)
T 52 smsx wﬂ;1+x Jlsmsx
=—I J- dx
0 x 1+x 7 1+x
_ J'smsxd J' sin sx .
X (1+x )
n [ sinsx
. —=——+ ......... 3
ds 2 '(|)-x(1+x @
d’I T xcossx COS X
— de=1
Now, 2 '!. (l+x J-1+x v
d’1 d
.'.——I 0.(.e.) (D*-1)I=0where D=
ds* ds’
SI=Aes+Bet. Ll 4)
dl _
S—=—4e”’ + B’
g Ae the (5)
-1 J®
Putting s = 0 in (1) and (4) we get 4+ B = J1+x [mn x}l
(ie.) A+B:% ......... (6)
Puts=0 in (2)and(5). We get
I
-A+B=——
S e 7
Solving (6) and (7) we get A_g =0.
. . . TE —S
Using this in (4) we get / =S¢ e (8)

Aot s

1+x° 2
xsmsx

(i) F|:1+x} \/7-[ 1+x?

2L by
== by @)
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dx

Example — 12 : Evaluate usin _[ 2, 2\(.2, 1.2\ using Fourier cosine transform.
P go(x +a)(x +b) 8 e

1 2
Sol" : We know that Fcﬂ;€ ]Z\/;(Sz jaQJZFC(S) (say).

Similarly the Fourier cosine transform of g(x) = ¢ is

Fc[efbx]l _ \/%(szj-—bz) =G.(s) (say).

By Theorem, we have

[ /9y = [ .16, (s)as.

SLleTe T = 1/— 1/— ds .
-[ —([ n\s?+a? N nls?+b°

0

,zw ab :OO —(a b)x
el e

e—(aer)x @ 1 1
T (a+b) i :0_(_a+bjza+b'
) T ds _ 1
N 0(s2+a2)(s2+b2) 2ab(a +b)

0

(i) J dx _ T
.€. "0<x2+a2)(x2+b2) 2ab(a+b)

—as

Example — 13 : Find f(x) if its Fourier sine transform is

—das

e

Sol" : Given Fs[f(x)]l =
Hence by inversion formula for Fourier sine transform,

00

2 —as

e
f(x)— ;'(')-T sin sx ds.

7.27
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djf(x) 200 —as 2 a

Integrating w.r.t x we get

2 2 -1
flx)= \g | ﬁdx = \g tan G) 4L )

Where A is a constant to be determined.
By (1), f{0) =0 and by (2), fi0) =A. Hence A= 0.

s f(x)= \/% tan‘(gj ,

Example — 14: Find the sine and consine transforms of x" e

Sol": Let f(x)=x" e ™ andlet F and F respectively be the sine and

cosine transforms of f{x) (1)
Then F, = \/z Jx"e"” sin (xs) dx ..(2)
T o
2 ° n —ax
and F, :\/j Jx e “ cos (xs) dx ..(3)
T o
Non consider the integrals
1 a
I =|-e“cos dx =
1 ! e (xs) dx R e
1 a
I =|—-e“cos dx =
1 ! € (xs) dx Lrs ..(5)

[These integrals have been solved in previous section] Differentiation (4) n times with respect to
awe get

d'l, % - d" a
=|(—x)"e “ cos(xs) dx =
@ = () dx da,,[a2+szj
K d" a
"e ™ cos dx =(-1)"
or Jxte cos(as) dr = (1) da,,(a2+szj -(6)

Hence from (3) and (6)

2 d" a
F o= |21y
¢ n( ) da" [az +s2j

:\/z n!cos {(n+1) tan"'(s/ a)}
i

(& +5°)" "2 (7

Similarly differentiating (5) in times we get

F :\/z n!cos {(n+1) tan"'(s/ a)}
T

c (az ) )(n+l)/2
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e“+e ™
Example — 15: Find the cosine transform of e
e“+e ™
Sol": Let f(x)= Py (1)
and let F_be the cosine transform of f{x), then by definition
e +e
F = ——— cos (xs) dx
. { . (xs) (2

o—8

e“+e [ +e™
— dx
e +e 2

1 ) e(a+i5)x+e7(a+is)x 1

= _ —dx+ T ¢ _ —— dx
\/ﬂ 0 e" +e™ \/ﬂ o e +e™

By definite integrals we get
F_ 1 c(a+lsj+ 1 lsec(a—isj
‘ x/27: 2 Jam 2 2

a+is a—is a is
cos +cos cos | — |cos| —
1 ( 2 j ( 2 j _ 4 (2] (2]

227 cos(a;m]cos(a;m] 24/2m| cos a+ cos(is)

x(a—is) + ex(afis)

T

7 cos(a/ 2)% (e +e?) \/5 cos(a / 2)% (e +e*?)
N

1 o S 42 +e*
cosa+5(es+es) € cos a+e

1
Example — 16: Find the cosine transform of T2 and then find the sine transform of

Sol': Let f(x)= 12
1+

(D)
Then the cosine transform of f{x) is
r J~ cossX 5
O = Q)

Differentiating w1th respect of s, we get

dF, (s) sm(sx).x
n { 1+ -(3)

_ \FJ [(1+x2)—1)] sin sx “
T x(1+x%)

0
2 < s1nsx °° sinsx
S el J' —dx
Ty 0 x(1+x7)
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__\/j __J~ sin sx
= S M+ 2 ) ..(4)

Differentiating again w.r.t. s we get

d*(F,
( (S) J COSSXY Fs)
o x(1+x%)
d*(F(s
or %—E(s)zo ..(5)
Tofind C.Fit’sEis (D>°—1)=0
D=+1
The solution of (5) is F.(s)= Ae* + Be™™ -.(6)

when s =0, from (2)

F(s)= \/% [tan’l x]: =+n/2 (7

and from (3)
—dg N 8)
S

Therefore (6) gives
A+B=~n/2 ...(9)
A-B=—n/2 -(10)

Hence 4=0, and B=+/n/2 ..(11)
Therefore F.(s)=~n/2 e’ ..(12)
dF (s) X
c — _F _r
From (3) we see that s B [ 5 }
X drF,

F|—|=—2=+n/2¢"

Therefore £ [1 e } s nise

Example — 17: Find f(x) if its cosine transform is x" e™".
Sol’: From definition

f)=FIx" e“]=F[x" e"]
:\/z Jx" e ™ cos(xs)dx -1

a

Since Ie COS(bx)dx—sz ..(2)
" cos dx =

therefore ! e cos(xs)dv=——— -(3)

Differentiating » times with respect to a, we get

I (=x)"e ™ cos(xs)dx = ddnn |: 3 a :| ..(4)

2
a |a +s
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o

_ \E 1" (=1)" ’ﬁl {cos (n+1)8} (sin6)""
T X

where G:tanlﬁz\/gn! M
a b

(Sz +d )(n+l)/2

Example —18: Find the sine and cosine transforms of e and use the inversion formulae to recover
the original function, in both the cases.

Sol": We know F (s)= \/2 Tf(x)cos sx dx and F (s)= \/2 Tf(x)sin sx dx
T T
Letfix)=e~ (1)

Then Fc[s]:\/gjex cos (sx) abc:\/z ! > ..(2)
T n l+s
2% 2 s
F = — ¥ g1 d = —

Applying inversion formula on (2), we get

f@=e = J% [£.(5) cos sx ds )

\/Ecossx ds
n 1+5s° ()

B _[COS sx ds
ny 1+

From (1) and (4)

cos sx_,
_e =
-[ 1+s°
Again applymg inversion formula on (3)

f(x)z\/2 TF;(S) sin sx ds
n 0

- =\/§_[\/2 2S sin sx ds
ToyVm s”+1

3 Issmsx
o s +1

T s sinsx m

I —ds=—e"

o 1+s 2
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Exercise—-7

l. Find the (a) Fourier cosine Integral and (b) Fourier sine integral (representation) of
sinx if 0<x<m
o=
if x>m
2. Find the Fourier transform of
1
— i x|<a
f)=12, T 11
0 if |x|>a
3. Using Fourier Integral show that the given integral represent the indicated functions.

0 i x<O0
dw=<7n/2 if x=0
ne " if x>0

® COS XW + W Sin Xw
(@) >
0 1+w

© COS XW T .
(b) Jo 1+W2dw—56 if x>0

0] — .
(c) J.Msinxwdw={2 if O<x<m

0 w 0 if x>mn
4. Find the Fourier cosine and sine integrals of fix) =e * (x > 0, k> 0)
. . , x| <1
5. Find the Fourier Integral representation of f(x)= 0 |xf>1
x| >
6. Find the Fourier cosine integral representation of the function given by indicating points.
x if 0<x<a
@ f(x)={0 AN
(b) fix)=e™ cosx
1 if O<x<l
© f(x)_{o if x>l
7. Find the Fourier sine integral representation of the function given by indicating points.
1 if O<x<a
(a) f(x)={0 i x>a
sinx if 0<x<m
(b) f(x)—{ 0 i x>m
(C) f(x) — efax _ efbx
8. Find the Fourier transform of f{x).

1
Wheref(x):{o lj: :jiz

sinax

Hence evaluate Jo dx
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k if 0O<x<a

9. Find Fourier cosine and sine transform of f(x) =
0 if x>a

10.  Find the Fourier transform of f{x)
x if |x|<a
(a) f(x)_{o lf |X|>Cl
b))  f(x)=xe" 0<x <o

©) flx)= { 0 otherwise

11.  Find Fourier cosine and Fourier sine transform of the given function indicated below.
fix)y=e“forx>0,a>0.
12.  Find Fourier sine and cosine transform of 2e™> + 5¢7.

x if O<x<l

13.  Find Fourier cosine transform of /(¥)=12—x if 1<x<2
0 if x>2

cosx if0<x<l1

1
7 and Fourier sine transform is 3
1+s 1+s

14.  Find f{x) if its Fourier cosine transform is

as

15. Find the Inverse Fourier sine transform of ;e -

sinas

16.  Find f{x) whose Fourier cosine transform is

1 0<t<l
de=42 1<t<2

17.  Solve for f{x) the integral equation J;) S(x) sinxz
0 22

a

18.  Solve for f{x) the integral equation J:O f(x)cosoxdx=e".

Answers

2 el+
1. () f(x)=—J. L?ncosaxda
Y 1-a
2 (* sinamw
(b) f(x)z;'[o (l_az)sznocxdoc
). sin(ava)
2nao
® CcOS WX T g [P Wsinwx ok
L st e A eren b

® SINOL—OL.COS O ;
5. )= | TR e g
—o0 iTa,
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10.

11.

12.

13.

15.

17.
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2 | asinaw cosaw—1
(@ — + 5 cos xw dw
w w
s +2 cos sxds 2 (©SInW-cos xw
b = j © =| ———aw
st +4 T <0 w
(a) _leﬂz%sinxw dw (b) % . flilxv; sinxw dw
2 Jw (b2 —az)s-sinsxds
(©) T J0 (az -i—sz)(b2 +s2)
2sinsa dx for s # 0, for s =0, F(s) = 2, Integral = x/2
s
2 (sinaw 2 (1-cosaw
(R(f(x)= \P{—) F(f(x))= \P{—)
b w b w
2i L 1+is
(a) 7 s €os sa —sinsa (b) 2r (1+s2)2
© 1 | sin(s+1) N sin(s —1) L 1—cos(s+1) N 1—cos(s—1)
(s+1) s—1 s+1 s—1
a o
a+a’ d® +a’
2s 5s 10 10
F(f(x))= +——
(/) s2+25 s*+4’ Bt )) i 4 9125
2coss—cos2s—1
s 14. filx)=e*fix)=e*
2 1 X 1 l:f‘x<a
—tan  — 16. X)=
T a Sx) {0 if x>a
2
flx)= [1+c0sx 2cos2x] 18. n(1+xz)

O & 0O



