Linear Algebra -1

Example — 5 : For what value of A, the equation
x+y+tz=1
x+2y+47=1
x+4y+10; =X
has a solution and solve them completely in each case.
Solution : Writing the equations in matrix form, we have

11 1[x] [1
1 2 4||y|=|r
1 4 10||z| |22

I B
12 4 2
®=1 " 0 5| ®OR-RR SR -R)
1111 111
o1 3 7; IR SRo3RY~[0 13 2
039 »- 000
111 1
013 a-l
K) ~ i
00 0 2*-31+2
111
R L
00 0

P(A) =2 [No. of non zero rows]

The equation will be consistent if p(A) =p (k) =2
It is only possible if A2 —3A +2 =0
or(A—1)(A—2)=00fA=1,2

i.e. the equation are only consistent if A =1 or A =2
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Since rank of K = 2 = 2 (number of unknowns the system has infinite number of solution.)

11 1Tx] [
Caseyfora=1,|0 1 3|Y|=|0
00 0fz| |0
= xtytz=1 )
y+3z=0 .. (i)

From (il)) y = -3z
From(i))x=1+2z
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Letz=k
x=1+2ky=-3k,z=k
Where k is an arbitary parameter.

1 1 1]|x 1
Case (i) for =2, |0 1 3[|¥]|7|!
0 0 0}]z 0
= xty+tz=1 ... (111)
y+3z=1 e (1V)

From(iv)y=1-3z
From (iii) x = 2z
x=2k,y=1-3k, z=k
where k is an arbitary parameter.
1.13: System of Linear Homogeneous Equations

Consider the homogeneous linear equations

a“xl-i-alzxz-i- .......... +a1nx =

a21x1+a22x2+ ............... +a2nx =
....................................................... (1)
Ay X T Ay Xy + o, +a,,x, =

Find the rank ‘r’ of the coefficient matrix A by reducing it to the triangular form by
elementary row operations

(i) Ifr=n, the equations (1) have only a trivial zero solution

If r <n, the equations (1) have (n — r) linearly independent solutions.
The number of linearly independent of solutions is (n — r) means of the variables the
values of the remaining variable can be uniquely found. Thus the equations (iii) will
have an infinite number of solutions.

(2) When m < n (i.e. the number of equations is less than the number of variables), the

solution is always other than x, = x, ....... x_ = 0. The number of solution is infinite.
(3) When m=n (i.e. the number of equations the number of variables), the necessary and
sufficient condition for solution other thanx = x, ....... =x_= 0, is that the determinant

of the coefficient matrix is zero. In this case the equations are said to be consistent and
such a solution is called non-trivial solution.
(For homogeneous system) since all b’s are zero, r = r,, then

(a) Ifr=n= the equations have only trivial solution. i.e. x, = x, = x, ......... x =0

(b) Ifr <n = the equations have an infinite number of non-trivial solutions.
To obtain infinite solution, set (n — r) variables any arbitary value and solve for the
remaining unknows. In a homogenous system if the number of unknowns, it has a
non-trivial solution.
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Illustrative Examples

Example — 1 : Solve the following system of equations :

x—-y+tz=0
x+2y-z=10
2x+y+3z=0
Solution : Writing the equations in the form AX = 0, we have
I -1 1 |x 0
1 2 -1|y|=|0
2 1 3|z 0
1 -1 1
112 -1
where A = (R,—>R,-R,and R, - R,-2R))
2 1
SRR
0 3 -2
~ (R,—R,-R)
0 3 1]
(1 -1 1]

_0 3 2 (R2—>R2xl,R3—>R3xl)
0 3 | 3 3
1 o-1 1
0o 1 -2

~ 3
0 0 1

1.25

. P(A) =3 = number of variables and hence the given equations have only trivial solutions x

=y=z=0
Example — 2 : Solve
xX—-y+2z-3w=10
3x+2y—-4z+w=190
4x -2y + 9w =20
Solution : Writing in matrix form, we have

0
1—12—3y_0
3 2 4 1 - lo
4 -2 0 9

w 0
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1 -1 2 =3
where A = 3.2 41 (R, >R,-3R,R, > R,—4R)
4 -2 0 9
(1 -1 2 =3 | 1 -1 2 -3
~[0 5 =10 10 (R2—>R2xg) ~l0 1 -2 2|R;—>R;-2R,
0 2 -8 21 0 2 -8 21
(1 -1 2 =3
~0 1 =2 2
0 0 —4 17

1.e., rank of A is 3.
Since rank = no. of equations, so we cannot omit any equation, but can write them in the

following form;
x-y+2z-3w=0
y—2z+2w=0

—4z+ 17w =0 (let w=k)
rLe,4z=17w

17w 17k 13k . .
z= 4 z= VT B X = k be the solutions, where K being any parameter.
Example — 3 : Determine the values of A for which the following set of equation may possess
non-trival solution.
3x,+x,-Ax,=0
4x,—2x,-3x,=0
2/x, +4x,+ Ax,=0
Solution : For each permissible values of A, determine the general solution.
For Non-trival solution of homogeneous system, rank of coeffecient matrix <no. of unknowns.

i.e., Rank of A < 3.

3 1 X
. 4 -2 -3|=0
ie.,
20 4 A
SAN+8-9=0= A+ (A-1)=0
= A=1and-09.

For A = 1. The given system reduces to
3x, +x,-x,=0
4x, —2x,-3x,=0
2x, +4x,+x,=0
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3 1
Now, Rank of A=2 <3 [‘4 _2‘=—10¢0j

. System has infinite number of solution.
Let x, = k and from the first two equations we get
x,—x, =—3kand - 2x, - 3x, = — 4k
On solving x, = — k and x, = 2k where k is any real number.
For A = — 9. The given system reduces to
3x, +x,+9%,=0
4x, —2x, - 3x,=0
—18x, +4x,-9x,=0
Now Rank of A=2<3
.. System has infinite number of solution.
Let x, = 3k and from the first two equations we get
x, +9x, = -9k and - 2x, — 3x, = - 12k
On solving x, = 9k and x, = - 2k.
Example — 4 : Find the values of A for which the equations
A-Dx+@A+1Dy+24z=0
A-Dx+{4A-2)y+(A+3)z=0
2xX+@BA+ Dy +3(A-Dz=10
are consistent, and find the ratios of x : y : 7 when A has the smallest of these
values. What happens when A has the greater of these values.

Solution : The given equations will be consistent, if
A—1 3h+1 2\

A=1 4%-2 A+3|=0
[R, > R,~R/]
2 3+l 3(a-))

A-1 3h+1 2\
0 A=-3 3-A|=0

[C,—>C,+C)
3+ 3(A-1) oo

or if,

A—1 3A+1 5A+1
0 A=3 0 (=0

or if,
3V+1 6A -2
A-1 54A+1
or if, (A =3) 232-1) =0 orif,2h—3)[(A— 1) BA—1)— (5A+ 1)]=0

or if, 6A (A—3)*=0orif, A.=0or 3.
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(a) When A = 0, the equations become — x +y =0 )
—x—-2y+3z=0..... (i1)

x _y
6-3 6-3 —1+4
(b) When A = 3, equations becomes identical.
Example — 5 :  Show that there are 3 real values of A for which the equations (a — A)x + by
+cz=0,bx + (c—MNy+az =0, cx+ay+ (b— ANz =0 are simultaneous true
and that the product of these values of A is

Solving (ii) and (iii), we get .Hencex=y=z.

a b c

D=b ¢ a

c a b

Solution : The given three equations are
(a—Ax+bytcz=0..... €))
bx+(c—A)y+az=0.... 2)
cxtay+(b-A)z=0..... 3)

As per the given condition the ‘A’ has 3 real values. So the system of equation has non-
trival solution. So its rank must be < 3. So all the third order determinant must be zero.

a-A b c

b c¢c-\A a |=0

c a b-A
=S @-A)[c-A)b-A)-a%]-b[b(b-A)-ca]+c[ab-c(c—A)]=0
= (@a-A)(bc—cA—DbA+A?—-a?)-b(b>-bh—ca)+tc(ab—c?+cA)=0
= abc —ach —abA + aA? —a® —Abc + cA? + bAZ — A% + a?A —b* + b’A

+abc +abc—c3+c?A =0

S>-a-b-c-AM+A(a+tb+c)+A@a>+b>+c?—ab—bc—ca)+3abc=0

a+b+c—A\ b c
=la+b+c—A c—A a |=0
a+b+c—A\ a b—A

1 b c
=a+b+c-Nl c—A a |=0

1 a b-A\

1 b c
=a+b+c—A0 c—-b—-A a—c |=0

0 a—c+A b—a-Ax
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S@+tb+tc—A){(c-b-AN)(b-a-A)-(a-c)(a-c+A)}=0
= (@a+b+tc—A)(bc—ca—cA—b>+ab+bA—bA+al+A?—a’+ac
—aAtac—c’+cA)=0

= (@a+b+tc—-A)(—a>~b>~c*+ab+bc+cat+A?)=0

=a+tb+tc=Aora>+b>+c>—ab—bc—ca=A

So the value of AisA=a+b+c

and A? =a>+b>+c*>—ab—bc—ca

The product of these two values is

A =(a+b+c)(a>+b>+c2—ab—bc—ca)
=a*+b’+c*—3abc......... 4)

As per the question the product of the real value is,

a b ¢
D=b ¢ a
c a b

a(bc —a?) — b (b> — ca) + ¢ (ab — ¢?)
= abc — a*>- b’ + abc + abc — ¢?
=—a’—b’— ¢’ + 3abc
=a’+b*+c*—3abc ........ &)

. Equation (4) and equation (5) are same (Proved).

1.14 : Solution of a system of non-homogeneous equation

Direct methods : These methods are based on the elimination of variables to transform the set

of equations to a triangular form.
Gauss elimination method :

We have seen that any system of linear algebraic equations can be solved by the use of
determinants. If the order of the determinat is large, then the evaluation, becomes tedious. To avoid
these unnecessary computations, various mathematicians have tried to develop simpler and less time
consuming procedures, and various methods for solving system of linear equations.

ayX, +apXyt.... +a,,x, =b,

Ay X + Ay Xy Faeee +a,,x, =b,
............................................................... )
A Xy + Ay Xy Foeeen. +a,x, =b,

One of the most important methods is so called Gaussian ellimination method.

Gauss elimination method is a direct method which consists of transforming the given system of
simultaneous linear equations to an equivalent upper triangular system. From this transformed system
the required solution can be obtained by the method of back substitution.

Consider the system of ‘n’ equation and ‘n” unknowns given by AX = b, where A is the coefficient
matrix ‘b’ is the right hand side matrix and X is the unknown variables. With the help of A and B we
have constructed a new type of matrix i.e., Augmented matrix. The augmented matrix is
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app 4 A4 a, | b
ayy Gy Ay a,, | by
K =
@y apn s ... a, bn_

To transform the system to an equivalent upper triangular system, we use the following elementary
row operations.

First step : Elimination of x , from the second, third .....n" equation.
We assume that the order of the elimination and order of unknwon in each equations are such

that a,, # 0. The variable x, can be eliminated from the second equation by subtracting (a,,/a,,) times

the first equation from second equation (ay,/a,,) times the first equation from third equation.

) a, . .
Or,ie, R—> R ——LR;i=2,3, ... n makes all the entries ¢
an

g1 Ay weeneenens a  in the first

column zero.

a;
Here the first equation is the pivotal equation. a , (# 0) is called pivot and = fori=2,3...are
a

called multipliers for first elimination. If a,, = 0, we interchange the first row with another suitable row
so as to have a, # 0.

This gives new system as follows :

N
a, X, +apx,+..+a,x,=b',

! ! — !
a'y x,+..+a',, x, =b',

-(2)

a',,x,+.+a',,x,=b",
Second Step (Elimination x, from the third, ..........n" equations in (2)) :

!

If the coefficienta’, .......... a' in(2) are not all zero, we may assume that the order of equation
and the unknowns is such that a’,,# 0. Then we eliminate x, from the third, fourth ......n" equations of
(2) by subtracting.

. ay; )
ie, R—> R ——2R,;i=34,..... n.
dnn

This makes all entries a a_, on the second column zero.

139 Ay werveene

Step — 3 : By successive elimination, we arrive at a single equation in the unknown x which can
be solved and substituting this in the preceeding equation, we obtain the value of x .

a;
In general R—> R, __a k Rk; i=k+1,k+2...n.
Kk

will make all entries @, ........... a_, inthe k& column zero.
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Also when elimination is complete, the system takes the Triangular form
Cyixy + Cpxy+...4+Cx, =d,
Cyuxy+..4+C,,x, =d,

C,x,=4d,

nn-"n
Hence the given system of equation is reduced to the form UX = b, where ‘U’ is an upper
triangular matrix. The required solution can be obtained by the method of back substitution.

The Gauss- Elimination method can be generalized to find the solution of ‘n’ simultaneous
equation in n-unknows.

Illustrative Examples

Example — 1 : Solve the equations x +y = 2 and 2x + 3y = 5 by Gauss elimination method.

I 1{|x 2
Solution : The given system of equations can be written as { } { } = { }
11

2 3 50
2
2 3|5

we note a,, = 1 # 0 is the pivot. The first equation is the pivot equations is multiplier for the

second.
1 1
K~
o

which is an upper triangular system.

The augmented matrix is K = {

2
J (R,—»>RandR, >R -2R))

Lxty=2
y=1
Using backward substitution we get y =1 and x = 1.
Example — 2 : Solve the following system of equations using Gaussian elimination method
x+y+z=9
2x -3y +4z=13
3x+4y+57=40.
Solution : The given set of equations can be written as

1 1 1]|x 9
2 -3 4||y|=|13
3 4 5|z 40
The augmented matrix is
1 1 1]9
K=(2 -3 4|13

4 sls| ®R-2RandRR-3R)
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—_
—_
—_
\O

~10 =5 25 (R3—>R3+%R2)

~{0 -5 2 |-5
0 0 —|12

which is an upper triangular system. The given system of equations reduces to the system.

x+ty+z=9
-5y+2z=-5

22212
5

Now by back substitution method we obtain the solutionx =1,y =3, z=5.
Example — 3 : Solve the equations —x, +x,+2x,=2,3x,—x,+x,=6 and —x,+ 3x,+4x,=4 by

Gauss elimination method.

Solution : The given equation is in Augmented form is
-1 1 2|2
371 D6l R R +3R andR, >R, - R)
-1 3 4
-1 1 2|2
~[0 2 720 R L g
2
-1 1 2 2
~10 2 7|12
0 0 -5|-10

which is an upper triangular system, which can be solved by Back substitution method

—x,—x, T 20, =2 (1)
2, + Tx, =12 ... (i1)
=5x,= =10 e (iii)
From (iii) .. x,=2
From (ii) 2x, + 14=12 = 2x, = -2 = x,=-1.
From(i)—x -1+4=2=-x =2-3=x =1
We getx, =2, x,=-1 andx, = 2.
Example — 4 : Solve by Gauss elimination method.
Ix+4y+3z=-1
Sx+y+2z=1
7x+3y+4z=1
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Solution : The given equation can be augmented form

9 4 3|-1

51 21

7 3 4|1
Step — 1 : Elimination of x from the 2nd, 3rd using 1st by subtracting gtimes of the first
equation from the 2nd equation and u times of the first equation from the 3rd.

9
9 4 3] -l
0 —11/9 1/3|14/9
0 -1/9 5/3]16/9
-1

Step — II : Eliminate y from the 3rd equation using 2nd by subtracting % = li times of the

-9
2nd from 3rd equation.

9 4 3 -1

0 -11/9 13 14/9

0 0 18/11 18/11
Ox+4y+3z=-1

SIS
9 773"
18 18
2,2
11 11
Beginning from the last, we havez =1,y =— 1, x = 0.

Example —-5: x-3y+2z=2, 5x- 15y +7z=10
Solution : The given equation is in augmented form

1 3 2 2
5 -15 7 10
Step — 1 : Elimination of x from the 2nd equation

1 -3 2 2
0 0 3 0} R,=R, - 5R,
x—3y+2z=2and-3z=0
So starting from the last we have, z = 0. Putting the value of z we have
x—=3y=2=>x=2+3y

So, for different values of y, we get different values of x, so the sytem has infinite many
solutions.
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1 2 53
Note —1: 0639 — The system has no solution.
0 0 0 5
1 2 53
Note — 2 : g g 3 ?) — The system has infinite solution.

1.15: Vector Sapce

Definition : A non-empty set V is called a vector space or a linear space over a field F if in V
there are define two algebraic operations (Called vector addtion and multiplication by scalars) are as
follows :

(1) u+tveV,V uv eV (Closure law)

2) utov=vtu V uv eV (Commutative law)

B) wWtrtv+o=ut(v+to), V uv o eV (Associative law)

(4)  There exists an element denoted by 0 € V such that
O+tu=u+0=uVuev
0 is the additive identity element in V.

(5) For eachu €V, there exists an element — u € V such that
u+ (—u)=0.
— u is the additive inverse of u.

6) aqueV,VoaeFand V ueV.

(7Y a@@trv)=ou+ov, VaecFand Vu veV.

® (u+Pu=ocu+Pu,Vo,peFand VueV.

©® (Pu=aPu),V o, peFand VueV.

(10) lu=u,V ueV.

An element of v is called a vector. An element of F is called a scalar. 0 is called the additive
identity element or the zero elements of V. It is also called a null or zero vector.

The zero element of F is denoted by 0. The unit element of F is 1.
From (1) it follows that V is closed under addition.

Note :

1. V under vector addition forms an abelian group. Since + is commutative, o + 0 =0 + o = o and
o+ (-a)=0.

2. Scalar multiplication is not a binary operation, but it is a function from F x V into V.

1.16 : Linear Combination of Vectors

Definition : Let V be a vector space over a field F. A finite sum of the form o,u, + oLu, + ...
+au, where a, o, ..., € Fand u, u,...u €V is called a linear combination of u , u,....u .
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3 -1
Example — 1: Write the vector v = [1 2} in the vector space of 2 x 2 matrices as a linear
binati 1 1 1 1 1 -1
combination of v, = 0 =l 0,v3— 0 o0l
Solution : Let V =o v+ oy, +ayv; o, o, a, € R ... (1)

3 -1 I 1 I 1 I -1
= =a, +a, +0,
[1 —2} [0 —1} {—1 0} {0 0}

o, +0,+0; O;+0,—0;
) { % % }
By definition of equality of two matrices, we have
a to,+o, =3, +ta-a =-1
o, =1, =2
Solving these, we get o= 2, o= —1, o= 2, Putting these values of o, o, o, in eq(1).
V=2v —v,+2v,.
Example — 2: For what value of k (if any) the vector a = (1, -2, k) can be expressed as a linear
combination of vectors a, = (3, 0,-2) and a,= (2, -1, -5) in R’.
Solution : Because vector o = (1, -2, k) is a linear combination of a, = (3, 0, -2) and
a, = (2, —1, =5); therefore there exist scalars a and b such that
o= aa, + ba,
or (1,-2,k)=a(3,0,-2)+b(2,-1,-5)=Ba+2b,— b,—2a— 5b)
Equating corresponding entires, we have
3a+2b=1 ... (1), —b=—2o0rb=2..... 2)

Putting b = 2 from (2) in (1),
3a+4=1or3a=-3ora=-1

Putting @ =—1, b = 2 in equation (3), we have 2 —-10=Fkor k=-8.
Definition : Let V' be a vector space over a field F and S is a subset of V. Then span of S denoted by [S]

is the set of linear combination of vectors of S.

[S]=A{ou tou +..toula,o,..,o€Fandu,u,..u €S, andk € Z}
Example -3 : Let S= {(1,2,0),(2, 3, 1)}

Then [S]= {a (1,2,0)+B (2,3, 1) | a, B € R}
={(o+ 2B, 20+ 3B, B) | o, B € R}

1.17 : Linear independenece and dependence vectors

Any quantity with n component is called a vector. Thus the columns or rows of a matrix are

vectors. Any ordered n-tuple of numbers is called n-vectors. We mean a set consisting of n numbers in
which the place of each number is fixed. If x ,x,...... x by any n numbers then the ordered n-touple
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D, G G SO x ) is called an n-vector. Similarly if'y,,y,......y be any n numbers then the orderd
N touple Y = (Y,Y,s cvoveeevennnns y,) is called an n-vector. The n numbers x , x,........... x and y,y,.......... \A
are called components of the n-vector, X=(x,,X,................ x)and Y = (Y,,¥, cooeeeeenrnnnns y,) - A vector

may be written either as a row vector or as a column vector. If A be a matrix of order mxn, then each
row of A will be an m-vector and each column of A will be n-vector.
Definition :
Let V be a vector space over a field Fand v, v,, ...... ,0 € V. Then theset {v,v,, ...,V }is
said to be linearly independent if o, v, + v, + ...t o v =0,
where o, o, ...... ,oo e F=a =a,=.. =a =0
(The set {v,, v, ....., v, } is linearly independent means the vectors v, v,, ...... , v, are linearly
independent.)

Note : An infinite set S of vectors in V are said to be the linearly independent of every subset of
S is linearly indepedent.

Definition :
Let V be a vector space over a field Fand v, v,, ....... ,v €V.Theset {v,,v,, ..., v } is said to be
linearly dependent if it is not linearly independent, i.e., if there exists scalars o, o, ...... , @, , not
all zero such that a v + v, +....... +o v = 0. An empty set is linearly independent.
Definition :
Let V be a vector space over F. Vectors v, v,,........ , v_ €V, are said to be linearly dependent

(L.D.) over F if there exist scalars o, a.,, ...., o in F, not all zero such that
o v, oy, +.... to v =
Here, 0 on the right hand side indicates the null vector.
Vectors which are not linearly dpendent are called linearly independent (L.I.).
In fact, vectors v, v,,....., v,_are linearly independent if and
only if a,v, +o,v,+........ +ov =0,aeF
implies o, =a,=...=a =0.
i.e., zero solution is the only solution.
IfS={v,v, ... , V,}, then we say that the set S is L.I. or L.D. according as the
vectors v, v, ...... ,v areL.I.or L.D.
An infinite subset S of V is said to be L.I if every finite subset of S is L.I.
Theorem — 1 : Row-equivalent matrices have the same rank.
Theorem — 2 : ‘p’ vectors with ‘n’ components each are linearly independent if the matrix with
these vectors as row vectors has rank p, but they are linearly dependent if that rank
is less than p.
Theorem — 3 : Rank in terms of column vectors
The rank ‘r’ of a matrix ‘A’ equals the maximum number of linearly independent column
vectors of A.
Hence A and its transpose AT have the same rank.

Theorem — 4 : ‘p’ vectors with n < p components are always linearly dependent.
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Illustrative Examples

Example — 1: Examine the linear independence of the following sets of vectors :
@ {(1,0),(0,1)} inR2?
i) {(1,1,1),(1,2,3),(0,1,2)} inR3
@) {(1,1,1),(1,2,3),(3,3,4)} inR3
(iv) {(1,2,3),(1,0,0),(0,2,3)} inR3.
Solution :
(i) Suppose a (1, 0)+ B (0, 1) =0, for some scalars a, 3.
= (a,0)+(0,B)=0=(0,0)
= o =0, B =0 (by definition of equality of two vectors is the only solution)
2. (1, 0) and (0, 1) are linearly independent,
(ii) Supposea (1,1, 1)+ B (1,2,3)+v(0, 1, 2) =0, for some scalars a, B, y
= (a, a, o) + (B, 2B, 3B) + (0, vy, 2y) =0 = (0, 0, 0)

= o+p=0 (1)
a+2p+y=0 ...(11)

and a+3p+2y=0 ...(1i1)

Let us solve (i), (i) and (iii) simultaneously,

From (i), B=-a

From (ii), Y=a

From (iii), o —3a + 20 = 0, which is satisfied for each o
= —a, Y = a is a solution for every value of o
In particular, for o =1, f =— 1, y =1 is a solution. Hence the given vectors are linearly
dependent.
(1,1, 1)-(1,2,3)+ (0, 1,2) =0 is in fact a linear relation between them.
(iii) Suppose a (1, 1, 1) + B (1, 2, 3) +y (3, 3, 4) = 0 for some scalars a, 3, y.

= oa+pP+3y=0
oa+2+3y=0

and oa+3f+4y=0

Matrix form of these equations is
1 1 3||a 0
1 2 3[|B|=|0
1 3 4|y 0

A necessary condition for this system of homogeneous equations AX = 0 in three
unknowns to have a non-zero solution is that A is singular

1 1 3
ie, [A|=0 or|l 2 3/=0
1 3 4
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11 3
Bu, || 2 J=18-91@4-3)+33-2)=120
3 4
.. These give the only solution o =0, § =0,y =0.
Hence, the vectors (1, 1, 1), (1, 2, 3) and (3, 3, 4) are linearly independent.
Alternately, one may solve the above three equations simultaneously and see that a= 0
B =0,y =0 is the only solution.
(iv) Sincel (1,2,3)+ (1) (1,0, 0) + (1) (0, 2, 3) = 0 and the coefficients 1, —1, —1 are
non-zero.
.. the vectors are linearly dependent.
Example-2: Show that the set of vectors {(1, 2, 0), (0, 3, 1), (-1, 0, 1)} in V, (Q) is L.1. (where Q
is the field of rationals).
Solution : Suppose o (1,2,0)+p (0,3, 1)+7y(-1,0,1)=0=(0, 0, 0) where a, B, y € Q.
= (-7, 20+3B,B+v)=(0,0,0)
a-v=0,200+3=0,B+y=0
From first and last equations oo =7, B = —y
But2a+ 3 =2y —-3y#0unlessy=0
a=0, =0, y=0is the only solution.
Hence, the given vectors are L.1.

Or
Matrix form of the above linear homogeneous equation is

1 0 -1||a 0

23 0||B|=|0

01 1 Y 0

AX=0
1 0 -1
|A|=(2) ? (1) 1 (3-0)-0-(2-0)=1%0

*. Matrix A is non-singular.
Hence o =0, B =0, y = 0 is the only solution.
Hence the given vectors form a L.I. set.
Example — 3 : If Vis the vector space of all 2 X 3 matrices over R, show that the matrices

IR T 1O I 4 -1 2
13 o 4T 0 s andC—1 5 3 form a L.I. set.

Solution : Suppose cA + B +yC =0 where o, B,y € R

2 1 -1 1 1 3 4 -1 2 0 00
= a +B +y =
{3 -2 4} {—2 0 5 } L -2 3} {0 0 0}
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200+P+4y oa+B-y —-a-3B+2y 0 00
- {m-zﬁw ~2a. -2y 4a+5B+3y}_{0 0 o}
= 20+PB+4y=0,00+P—-y=0, —aa-3f+2y=0..(1)
and 3a0-2B+y=0,2a—-2y=0,40+5p+3y=0...12)
Solving equations in (1), we geta=p=7=0
which obviously satisfy the 3 equations in (2) also.
Hence, the given matrices form a L.I. set.
Example — 4 : Show that the vectors u = (1 +1i, 2i),v= (1, 1 +1i)
in V,(C) are L.D. but in V(R) are L.1.
Solution : Two vectors are dependent if one is a multiple of the other.
Thus u and v are dependent if for some number a + iff € C,
u=(a+iB)v
ie, if (1+i4,2)=(@+ip)(l,1+)=(a+if,a—P+i(a+P))
if atifp=l+ianda-PB+i(a+p)=2i
e, if a=1pB=1
Thus, u = (1 + 1) v. Hence, u, v are L.D.
Ifu, v € v,(R) then u is not a multiple of v because 1 +1i ¢ R. Thus, u, vare L.I.
Example — 5 : Examine S ={(1, 2, 1) (-1, 1, 0), (5, -1, 2)} is L.I. or L.D.
Solution : S= {(1,2, 1), (-1, 1, 0), (5,1, 2)}
a, (1,2, 1)+ o, (-1, 1,0) + a5 -1,2)= (0,0, 0)
= (a,— o, + 5o, 20, + o, — a,, o, + 20,) = (0, 0, 0)
= o-0o,*50,=0, 20+t o,—a,=0 and o +20,=0
o, =a,=0,=0
So S is linearly independent
a, = —2a, putting in (2) —2a,, —a, + 5a, =0
3a,—a,=0= a,=3a,
20, +a,—a,=0
=>-4a,t30,-0,=0=>-20,=0=>0,=0
I -1 5
2 1 -l=1
I 0 2

=-4+6=2=0.
So the system of solution has a unique solution and that is
a=a,=o, =0

or,

Example — 6: Show that the following vectors are L.1. or L.D.
(@) [3,4][4,3] (b) P,=[2,2,8]P,=]0, 1, 4]
© [1,4,5][4,4,8][3,-3,0]
Solution : (a) Let o & B be two scalars such that a[3 4] + 3 [4 3] =[0 0]
= [3a, 4a] + [4B, 3B] =[0 0]
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= [ 3a +4p, 40 + 3p] = [0 0]
ie.3o0+4p=0&4a+3=0
Solving these two we get a =0, B =0

.. The given vectors are L.I.
(b) LetP =[2,2,8] P,=1[0, 1, 4]

Let a,B be two scalars such that aP, + P, =0
=al2,2,8]+p[0,1,4]=0
= [2a,20a,8a]+[0B, 1B,4B]=0
= [2a,2a +B,8a +4B]=[0,0,0]
= 20=0,200+B=0,800+4p=0
=a=0&B=0

P & P,are L.L

228
OR, Let A=
ol

0 1 01
|A{|=2-0=2#0 -- Rank of A=2=No. of rows of A.
[2,2,8]&[0,1,4] are L.I.
(c) [145],[4 48],[3-30]
1 45
let A={4 48
3-30

2 2 22
Consider the submatrix of A is A=

4 4
|A| = 0, consider the submatrix of A is { 4 4}

14
let, A1=[4 4},|A1|=4 ~16#0

-+ Rank of A=2
But No. of rowsinA=3
Clearly rank A <No of rows is A

.. The set of vectors are L.D.
Example — 7 : Verify [1, 4, 5] [4, 4, 8] [3, -3, 0] are L.D.
Solution : Are the given vectors linearly dependent or independent
V,=[1,4,5],V,=[4,4,8],V,=[3,-3,0]
Arranging each 3 dimensional row vector along a row of a matrix we obtain a matrix A of
order 3x3.

145 1 4 5
A=|4 48| ~l0-12 -12 ("'Rz_’Rz“‘le
3-30] |0-15-15 Ry —>R;-3R,
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1 4 5

~lo-12 - 5
0-12 -12 [Ry >Ry~ Ry
00 0

Which is in echelon form. The equivalent matrix has two nonzero rows. Hence p(A) =2

Further since p(A) < number of vectors.
So the set of given vectors is linearly dependent (L.D.).
Example — 8 : Are the following sets of vectors linearly independent or dependent ?
@ [1,0,0],[1,1,0],[1,1,1]
b)) [-1,5,0],[16, 8, -3], [-64, 56, 9]

Solution : (a) Let V, =[1 0 0],V,=[110],V;=[111]
Since V,,V, and V; are 3 dimensional row vectors.

So by placing each row vector as a row we get a matrix ‘A’ of order (3 x 3).

100
POOT 101 o {'.'R2—>R2—Rl}
ie, A=[110
1€, 00 1 R, > R;-R,
11 1 3x3
3x3
100
~010
(“R; >R;-R,)
001 33

Which is in echelon form having three nonzero rows.
So p(A)=3= Number of vectors.
Hence the given set of vectors are Linearly independent (L.D.).
(b) Let V,=[-150],V,=[16 8 —3],V,=[-64 56 9]
Since V|, V, and V, are 3 dimensional row vectors.
So by placing each row vector as a row we get a matrix ‘A’ of order (3x3).

-1 5 0
ie, A= 16 8 3
-64 56 9 23
-1 5 0
0 88 -3 R, >R, +16R,
0 264 9 s R; >R, —64R,
-1 5 0
-0 8 =3 [* R;—>R;-3R,]

0 0 0

3x3
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Which is in echelon form having two nonzero rows.
Here p(A)=2< Number of vectors.
Hence the given set of vector are Linearly dependent (L.D.).
Example - 9 : Verify [1, - 1, 1], [1, 1, -1],[-1, 1, 1], [0, 1, O] are L.D.
Solution : Let V,=[1-11],V,=[11 —-1],Vy;=[-11 1],V,=[01 0]
Since V|, V,, V, and V, are 3 dimensional row vectors.
So by placing each row vector as a row we get a matrix ‘A’ of order (4x3).

1 -1 1 1 -11
|t 02 -2 ('-’Rz%Rz—le
FERT 00 2 R; > R;+R,
0 1 0 4x3 0 1 0 4x3
1 -11 R
- 02 -2 02 -2 R. SR lR
010 (R; & R,) -~ 00 1 37 R m 5%
00 2
L dax3 002},
1 —11]
02 -2
00 1 (R, >R, —2R,)
_0 0 0_4><3

Which is in echelon form having 3 nonzero rows.
Here  p(A) =3 < Number of vectors.
Hence the given set of vectors are Linearly dependent.

Exercise—-1

1. Find the rank of following matrices

1 3 2 5 1
23 2 2 -1 6 3
@ |1 42 ® [1 1 2 3 -1
265 02 5 2 -3

1 2 3

135709 956

© 12 468 0 (d) |7 89

0 2 1
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2. Determine the rank of the following matrices.
1 3 2 4 )
5 2 0 1 305 A
@ |3 4 4 7 (b) b=2 3
7 5 6 10 10 5 12 -10
) 1 2 3 0
bt 04 5 1
© |71 1 @ |1 230
(2 2 2 0 4 5 1
(4 1 2
3. Show that the rank of the transpose of the matrix | -3 2 4 [is same as that of original
8 -1 2
matrix.
4. Show that p(A)=2 and p(B) =2, where
11 -1 -1 -2 3
A= 2 -3 4 ’ B= 6 12 6]
3 -2 3 |5 10 5

2 4 2
5. Under what condition the rank of the following matrix is 3 : 2 12
I 0 x

6. Investigate the solution of the system of linear equations
2x+y+11=0,6x+20y—6z+3=0,6y—18z+1=0

7. Investigate for what values of A and u the following equations
2x+3y+5z=9
Tx+3y—2z=38
2x+3y+Az=u

have (i) no solution (ii) a unique solution and (iii) an infinite number of solution.
8. Test for consistency and solve 5x + 3y + 7z=4, 3x + 26y +2z=9, 7x + 2y + 10z=5
9. Test for consistency and solve 2x —3y + 7z=5,3x+y—-3z=13, 2x + 19y - 47z=32
10.  Show that the following system of equations is inconsistent

2x —3y+7z=5,5x -2y +4z=18,2x + 19y — 472 =32
11.  Find the value of k such that the following system of equations is consistent

2x+y-z=12,x-y-2z=-3,3y+3z=k
12.  Test the consistency of the followingx — Sy +3z=-1,2x—y—-z=5,5x—-Ty+z=2
13.  Show that the following system is consistent

x+2y—5z+2w=-2

3x—-y+2z+4w=19

2x—3y+7z+2w=21
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14.  Apply rank test to show that the following systems of equations have unique solutions which

are trivial.

(a) x+t2y+3z=0 (b) x+2y+3z+4w=0
2x+3y+z=0 8x+Sy+z+4w=0
3x+y+2z=0 Sx+6y+8z+w=0

8x+3y+7z+2w=0
15.  Determine the values of A for which the following set of equations may possess non-trivial
solution.
3x, +x,—Ax; =0, 4x, —2x, - 3x,=0,2Ax, +4x, + Ax, =0
For each values of A, determine general solution
16.  Solve the equations
(a) x+y+3z=0,3x+4y+4z=0,7x+ 10y +12z=0
(b) 4x+2y+z+3w=0,6x+3y+4z+7w=0,2x+y+w=0

Answers
L @2 M4 ©2 D3 2@2 B2 @©1 (@2
5. x#1,
6. The solution of the given system is consistent
7. () A=5, and u # 9 no solution
(ii) A # 5, and . may be any value, unique solution (iii) A = 5, and u = 9. Infinite solution
7 3
9. x="—",y=-—-andz=0

11 11
11. k=18 12. Inconsistent, 15. A=1,-9, x, = 3p, x, = 9p, x, = —2p
16. (a) x=y=z=0,(b)z=—-w,y=—-2x—w
which give an infinite number of solution, x and w are parameter.

Objective type Questions with Answers

Short Answertype Questions Carries 2 Marks

1. What do you mean by linearly independent vectors? Are the following vectors linearly
independent ?

[2 -3].[3 6][-1 4]
Ans. Linearly Independent Vectors :

Vi,V,,V3,..v, 1s called linearly independent if ¢v,+c,v,+...4¢,v, =0 with

n
q=c¢=c3=c,=0.

[2 -3].[3 6][]-1 4]

2C1 +3C2_C3 :0:>C1 :C3 —3c—22—3C1 +6C2 +4C3 :0
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3
j— 3C1 = 6c2 + 4C3 35(03 _302) :602 +4C3

3¢;3 =9¢, =12¢, +8c; = 5¢3 =-2lc,
So, they linearly dependent.

2. Explain the conditions for which a system of linear equations will possess more than one
solution.

Ans. When the column vectors of the matrix of coefficients of the given system of equns are not
linearly independent, the system will possess more than one solution.

1 2
3. IfA{O JthenﬁndA‘l.

O i i P =

4. If o,p are sclars such that 4 = a3 + B/ then prove that AB = BA.
Ans. A=of+p/

S AB=(oB+BI/)B=aPpB+PpIB= oapB+PB

and .. BA=B(ap+PIl)=Bap+ BBl =Bap+Bp

. AB=BA

5. What do you mean by Null matrix ?

Ans. The matrix of any order containing only zero as its elements is called a Null matrix.
6. Define rank of a matrix.

Ans. The rank of a matrix is the largest order of the non-vanishing minor of that matrix.

1 0 1
7. Find the rank of the matrix. |0 2 2
2 3 4
1 0 1 1 0 1
Ans. LetA= 0221 1022 (R,-2R))
2 3 4 0 3 2

From the last matrix we see that none of the rows contians only zeros
pA)=3
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3 -4
8. IfA=|, _,| thenFind A®
1+2n  —4n
Ans. A" =| 5
1 0 0 0
9.  Find the rank of the matri 0109
- Find the rank of the matrix \ =
0 0 01

Ans. The determinant of this matrix is 1 which is non zero.
So rank of the matrix = order of this matrix = 4.
10. Test for consistency of the equations x + 2y = 1 & 7x + 14y =12

1 2 1 2
Ans. A= 7 1417 1o o LpA)=1

12 17 1 2 1
K=17 14 12/~7]o 0 10 ~PK=2

Since p (A) # p (K), the equations are inconsistent.
11. Find the maximum value of the rank of a 4 x 5 matrix.
Ans. The maximum value of the rank of a 4 x 5 matrix is 4 i.e. rank < min (rows cloumns)
12. Ifthe rank of the matrix A is 2 find the rank of its transpose AT.
Ans. We know that p (A) = p (A") .. p(AN)=2

1 00

13. Determine the rank of the matrix [0 1 0
0 0 1

Ans. Let [A]=1,#0, i.e. rank of A= 3.

1 7
14. Find the rank of the matrix 303 ?
2 4 6 8 0
Ans. 2 j.e. rank <min (2, 5)
2 6 5
15. Reduce the matrix A= |2 5 4| to the normal form
5 16 13

Ans. [L]
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16.

Ans.

17.

Ans.

18.

Ans.

19.

Ans.

20.

Ans.

21.

Ans.

22,

Ans.

23.

Ans.

Ans.

Ans.

Ans.

1 2 1
For the matrix A= |1 2 3 | find the non singular matrix p
0 -1 -1
1 00
-1 1 0
0 01

For which value of A and p, the system of equations x + y +z =6, x + 2y + 3z = 10,
X + 2y + Az = p have no solution and infinite number of solutions.
A=3,u#10andA=3,p=10

Determine the values of A for which the following set of equations may possess non-trival
solution.

3x, +x,—Ax; =0, 4x, - 2x, - 3x, = 0, 2Ax, +4x, +Ax, =0

A=-1,-9

Determine the value of A so that the equation 2x +y+2z=0,x+ 2y +3z=0,4x+ 3y + Az
= 0 have a non zero solution

A=-5

Are the following vectors are linearly independent

x, =(4,-5,2,6),x,=(2,-2,1,3),x,=(6,-3,3,9) and x,= (4,1, 5, 6)

Yes

If the following vectors are linearly dependent. Find a relation between then x, = (3, 2, 7),
X, =(2,4,1),x,=(1,-2,6)

yes, (x, =x,+x,)

If rank (A) = 2, rank (B) = 3, then rank (AB) = —

5

a+b b+c c+a

a b c
bta c+a a+b|_ (b c al oK
c a b

c+a a+b b+c
2

Multiple type or dash fill up type questions. carries 2 Marks

The system x + oy =0, y + oz = 0, z +ox = 0 has infinitely many solutions when o= ——
-1

If the system of equations x —ky —z=0, kx —y -z =0, x + y — z = 0 has a non-zero
solution,then the possible value of k are and
-1,1

The value of y for which the system of equations 2x —y 2z=2,x 2y +z=-4,x+y+vyz
=4 has no solution is :

-3
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4.  Ifthesystem of equations x + 2y —3z =1, (y +3)z =3, (2y + 1)x +z =0 is inconsistent, then
the value of vy is equal to :
Ans. 3

5. To multiply a matrix by sealar k, which of them are correct ?

(a) anyrow byk (b) every element by k
(c) any column by k (d) None
Ans. (b)

6. IfA=|0 2 0| andB= 013 then the determinant AB has the value .
00 2 002

Ans. 16
7. The system of equation x + 2y + z=9, 2x + y + 3z = 7 can be expressed as

X
o (12 1[0
ms- 1 1 3T
Z

8. Matrix has a value. This statement

(a) is always true (b) depends upon, the matrices
(c) False (d) None

Ans. (¢)

9. If A is a square matrix such that AA’ = I then the value of A’Ais :

Ans. |

10.  If every minor of order r of a matix A is zero, then value of A’A is :
Ans. less than or equal to r
11. A square matrix A is called orthogonal, which of them are correct ?

(a) A=A’ (b) AT=A"
(c) AAT=1 (d) None

Ans. (b)

12. If a matrix A is equivalent to a canonical matrix having exactly r non zero rows, then rank
A=——

Ans. =1

13. IfAis ann X 1 non-null matrix and B is an 1 x n non-null matrix, then rank (AB) = ——
Ans. 1
14. Therank of a product of two matrices can not exceed the rank of either matrix i.e. rank (AB)

Ans. <tank (A)
15. The matrices obtained from a unit matrix I after one or more elementary operation are
called .

Ans. elementary matrix
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16. Rank of a unit (identity) matrix of order 4 is
Ans. 4
17. If the system has a solution, it is called

Ans. consistent
18. IfA%2+A-1=0, then A™' = —,

Ans. [+A

19. Let A and B, be two matrices, then which conditions are hold ?
(a) AB =BA (b) AB #BA
(c) AB<BA (d) AB >BA

Ans. (b)

20. Let A and B be two matrices, such that A =0, AB =0, the equation always implies that
(a) B=0 (b) B0
(c) B=-A (d B=A"

Ans. (b)

21. Theequations x + 2y =1, 7x + 14y = 12 are
(a) In consistent (b) consistent
(c) trial (d) None

Ans. (a)

22. [If A and B are n rowed orthogonal matrix then which conditions are hold ?
(a) AB is only orthogonal (b) BA is only orthogonal
(c) AB and BA are both orthogonal (d) None

Ans. (c)

23. If'the solution of simultaneous equation is 1, 2, 3 then equations are
(a) x+ty+z=6,x-y+2z=5x+3y+4z=7
(b) x+ty+2z=6,x-y—-z=7,x+ty—-z=0
() x+y+z=6,2x+3y+4z=20,x—-y+z=2

(d) None

Ans. (c)

24. The system of equation kx + 2y — 2z =1, 4x + 2ky — z= 2, 6x + 6y + kz = 3 has no solution
ifk=

Ans. 2

25. A matrix A is idempotent if
(a) A*=A (b) A’=A
(c) A=A (d A=

Ans. (c)

26. By applying elementary transformation to a matrix its rank
(a) increases (b) decreases
(c) does not change (d) None

Ans. (c)
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27. If A and B be two square matices, then which conditions are hold ?

(a) R(A +B)=R(A)+ R(B) (b) R(A + B)<R(A) + R(B)
(c) R(A+B)>R(A)+R(B) (d) None
Ans. (d)
-8 1 4
28. Given9A=| 4 4 7|, which conditions are hold ?
1 -8 4
1
(a) Al=Al (b)y A'= §A1
(c) 2A'=A (d) None
Ans. (b)
29. A system of linear equations represented by the matrix equation AX = B is consistent if
(@) 1(A)<r(A,B) (b) r(A)>r(A, B)
(c) r(A)=r1(A, B) (d) r(A) + 1(A, B) = twice the order of the matrix
Ans. (c)
30. If A and B are square matrices of the same order, then
(a) (AtB)y’#A’+2AB+B? (b) (A-B)*=A*>- 2AB + B?
(¢) (A+B)(A-B)=A?—B? (d) None
Ans. (d)
31. Let A and B be any two matrices such that AB =0 and A is non singular
(a) B=0 (b) B is non singular
(c) B=A (d) B is singular
Ans. (d)

O & O3



