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Example — 2. Find the Fourier series expansion for f{x), if
-, —-n<x<0,

fo) = {x,0<x<n
1

2
deduce thati2 + Lz t— e I
- 3 5 8

Sol" : Let the Fourier series be,

a, c .
fx) = 7"'23:1 cos nx+2bn sinnx
n=1 n=1

. —m,—t<x<0
Given f{x) = X, 0<x<T

a = J f(x)cosnxdx
1 1 sin nx 0 sinnx cosnx |
=—{j —ncosnxdx+chosnxdx} ="\ + X +—
o e n | n n 0
COSHX l cosnm _i)
o\ n? n’

L

;II»—

= ——(=n"-1)= L .......... )

I‘ITE

n 1 0 . T,
b = _j f(x)sinnxdx = —{ (—n)s1nnx+J xs1nnxdx}
n Td-n 7T (Y- 0

) l{ n )( cosnxﬂ0 +[X((—cosnx))+sin2nx}n}
n . n n’ |

mcosnx | XCOSNX | 1 (7 o 1 .
e ] e :;{;[cosnx]n—;[xcosnx]o}
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l{m 1 1 D" 1-2(-1)"
= —q—|1—=cosnn|——|mcosnt—0|; = —(1 - (=1)") = =

n{n[ -l ]} S (D) - .
Hence the required Fourier series is,

& (=D -1 2 1-2(=1)" .
X)=——+ ——COoSnx+ —SInnx
Jx) 1 Z_; e Z:;

n
-2 2 3. 1 . .
=— —+ —zcosx——zcos3x ...... +| —sinx — —sin2Xx + sin 3x....
4 ntl n3 1 2
m  2({cosx cos3x . sin2x .
=— ———|—5—+—— +...|+| 3sinx— +8IN3X.ee. fannnnn )
4 7w\ 1 3 2

which is required result
Putting x = 0, in (1) we obtain

-t 2(1 1 1 .
— ﬂO):T—;[I—Z-F:%—Z-F?-F ....... ) ........... (i1)
Now f(x) is dis continuous at x = 0, As a matter of fact
f0-0)=—m, &f(0+0)=0

A0) =4I (0-0) + £ (0+0) = —

Hence putting this in the eq® (iii)

r_omo2pt 1y tor_ 2t o1,
:> 2 4 T 12 32 52 ......... :> 4 2 T 12 32 52 ......

n 2|1 1 1 o 1 1 1
—— = —=+—+—+...... —_— = —_—
= 4 [12 ¥ s } = i
Example — 3. Find the Fourier series to represent the function f{x), given by
X for0<x<m
-1

2n—x fort<x<2mn

1 1 1 n?
Deduce — +—+—5+..eeee 0 =—
1° 3

. x, for 0<x<m
Sol" : Given, f(x) = 2n—x, for t<x<2n

Let the Fourier series , be

aO o0 o0 .
fix) = > + Zan COSnNX + an sinnx
n=1 n=1
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_ %{j xdx+j (2n - x)dx} _ %{{"2—2}0 +[2nx_x2_2£n}
-9

n |l 2 2
:%{%2+(47:2—27: —on’ +%)} =%[% —2}%{712} =

1 2n
a =—| f(x)cosnxdx
T Y0

n

T

:l{[x sinnx N cosznx} [(2n %) sinnx (- l)[ COSHX)TH}

T n n* n

_1 [COSHXT _[COSHXTTE 1f(cosnm 1) (cos2nt cosnn
|l n® ] n | x|l 2 n’ n’

2(008117‘[—1) 2(( D" -1)

2

T 2n
= l“ x cosnxdx +J 2n - x)cosnxdx}
0 n

IlTC nm

-4 -
a =2—,az =0,a3 22—,34 =0.......
L 14 3

21
b = l f(x)sinnxdx
n TC 0

1 n . 27 .
= —{L xsinnxdx + L (2m — x) sinnx dx}

T
{_X(—cosnx) (1)( smnxﬂ [(271 ~ X)(—cosnx) “ 1)( smnxﬂzn}
L n 0 n b
{_—x cosnx sin;x]T . [_(271_ %) cosnx sin?x}zn}

L 0 n e

n n

cosnm cosnm 1 COSNT _ cOSnT
(—n —0)+(0+n )} :—{—n +m }:()
n n T n n
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Hence, the required Fourier series becomes,

T Ew 2(( 1)11 1)
— 4 _— J 7 + 0
f(X) = o 5 cosnx

—4 —4 —4
= E+ —cosx+( )c053x+uc055x+ .......
2 12 2 2

T 3°m 5°m

n 4(cosx cos3Xx cosSx

= ——— + + Fuveenn
2 w17 32 52

Let putting x = 0, we have

m_4 i+i+i+i+ ) (i1)
A0)= ST\ E g g e e
Now, f{x) is continuous at x = T

fa-0)=7n,&f(n+0)=mn

2n
sofim) =%l f(x +0) +f(m-0)]= —~=7
Putting this value in the eq" (ii)

T o4(1 1 1 n 41 1 1
= + + + Feeennnn _ = - | — 4 - 4 =
=7 n[lz 2 ] = 2+n 71[12+32+52+ ........ j

E)XEJ_L+L+L+ 11
= 2 4 12 32 52 ........ 3?_1—24—3—24—5—24— ______

Hence it’s proved.

0 for—-n<x<0

Example — 4 : If f (x) ={sinxf01’0<x <z

1 sinx 2~> cosmx

Prove that f(x) = ;+ 2 ream?_1
m=1

Hence show that

+ 0= - 1
13 35 57 4 13 2.5 3.7 2
Sol":Iff(x)={

0 for—-m<x<0
sinx for0<x<m

Let f{x) = %+Zancosnx+2bn sinnx
n=1

n=1

o~ | (9
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1 0 T, 1 ¢ . 1 . 1 )
= ;Uno.dx+‘[osm xdx} = ;J.O smxdx=;[(—cosx)]0 =;(—cosn +cos0) =

a= lJ.n f(x).cosnxdx
nogden

0 b i
= l[ 0.cosnxdx+J sinx.cosnxdx} = L‘[Zsinx.cosnxdx
TLY-™ 0 2w J0

= iJ’O’T[sin (n+1)x—sin(n—1) x]dx= %[{stin(nwL l)xdx} - {Jogin(n— l)xdxH
L [&} [<_1>} 21 [ cos+DxT" [eostn—DxT"
S|l @+ -0 1] 2x|| (n+1) (n—1)

0 0
_ “ljfecos(n+hr 1 )} (cos(n-Drm 1
27 n+1 n+1 n—1 n-1

__L{(_l)nﬂ_ 1 _(_1)n71+ | ]

2n| me+d n+1 n—1 n—1

0 if nisodd
-2

Hence a,=<__ "2
Tt(n2 - 1)

if niseven

(D" +1
%W n(n® - 1)
a,= is not defined so,

1 ¢=.
a= —_[smx.cosxdx
n TE 0

1 . L ¢, .
= a = ;_Lsmxcosxdx = %'[0(2 sinxcosx) dx

1 ¢n 1 [—cos2x " -1
= —|si =— =—/cos2m—cos0]=0
. Josm2x dx 27{[ > :|0 4n[ ]

= a =0

T 0 T
b= lJ. f(x).sinnxdx = l“ 0.dx+j sinx.sinnxdx}
n T d-n T|J-7 0

z . | .
_[smx.smnxdx = —J.(2smx.smnx)dx
2w Jo

1
T Y0
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1 = 1 [sin(n=Dx _sin(n+Dx |
= %J.O(cos(n—l)x—cos(n+l)x)dx :271[ (-1 (1) }

0

1 =, .
b= —J.smx.smnxdx
n

T Y0
1 ¢m 1 ¢ 1—cos2x
L . _ = d
= b, n‘[osmx.smxdx n-[o[ > ) X

:ix_sm2x :L(n_smbt)_(o_o) :an:l
2n 2 |, 2=m 2 2n 2

So the required Fourier series becomes

1 S —((-D" +1) 1.
f(X) = ;+ ;mcosnx + ESIHX

1 1S (=D +1 1,
= ———ZZ—COSHX+—SIHX
1 2

3

l_z cos2x+cos4x+ +1sinx
= f(x)_n - 3 15 T 5

Putting the value of x = 0
l_z[l_,_i_,_ )+0 l_g[l+i+i+ ) (1)
= f(())_ T i3 15 = f(())_Tc 3 15 35 e
Let us taken x = é, sin % =1

S0, /(0~ ) =0&f(0+ % )=1

1 11

70= 5| (0-5)+ 1(0+53)] =5

1_1_2[1+L+L+ l_l__£[1+i+i+ )
:> 2_7-: T 3 15 35 ......... :>2 Tc— T 3 15 35 .........

i_l_£[l+i+i+ 2—“_2(1+L+L+ j
= 7'[ > \3 15 35 = o 3 15 35

2om 1 1 1,
- 4 3 15 35 .........

Puttingx=01in (1) sin0=0
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1 2|1 1 1
O=———|—+—+—+
s n[lﬁ 2-5 3.7 }

271 1 1 1
St — = —
n[lﬁ 25 3.7 } P
I | 1

St ——t—— = —
-3 2.5 3.7 2
Example — 5. Find the Fourier series of the following function

f(x):{xz,OSxSn

—xz,—7r<x£0.

Sol": Let, f(x) = % + Zan COSnX + an sinnx
n=1

n=1

a,= %J.:f(X).dx = %{Jon—xz dx + jonxzdx}

AT AT e -

n 1 0 n
q = lf f(x).cosnxdx :—{I —x”.cosnx dx +I x’ cosnxdx}
noggd-n T V-7 0

. . 0
:l{{_){z‘smnx _(_2X).(—coi nx)+(_2)(—sn§nxﬂ
T n n n .

0 T
. 1 [_2Xcos2nx} +[2Xcos2nx} :l (—2ncosnn)+(2ncosnn) o
TT n - n 0 T I'l2 nz

n 1 0 . n .
= lj f(x)sinnxdx = —U —x? smnxdx+J- x* smnxdx}
o ogd-n Tl 0

0
. B .
_ —{[—xz( cosnx)_(_zx)( 511;nx)+(_2)(cos3nxﬂ
T n n n .
N {Xz[—cosnxj_2X(—sir;nx)+2[cossnxﬂn}
n n n o
0 — n
_ l{[xz cosnx cos}nx} J{ X’ cosnx cos}nx} }
n n R n n’ |
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1 71: COSNT cosnm —n? cosnmt  2cosnTw 2
— -2— + + 3 -1 0+—
e n n n n n

1 2 nw’cosnm 2cosnm m’cosnm 2cosnm 2
= ; 3T t 3T t 3 T3
n n n n n n
1[ 4 1| 4 2n’
— —3——75 cOSNT —— COSNT —| —— (1 +cosnm) ———cosnn
Tl n n’® T| n n
2| 2 : 2] 2 :
= —{—3(1+cos nn)—n—cosnn} = ——{—3(1+cosnn)—n—cosnn}
T|n n Tl n n
20 2

——{—3(1+( D" )——( D" }

2
1) = —%;{%(1+(—1)")—%(—1)"}sinnx

Example — 6 . Find the series of sines and cosines of multiples of x which represents f(x) in the
interval —nt<x<m.

0, when—t<x<0
f(x): E,when0<xﬁn

n’ 1 1
and hence deduce that ? =1+ 3— + 5—+ .....

Sol" : Let f{x) be represented by Fourier series

fix) = % + Zan cosnx+ an sinnx ..(D
n=1 n=1

where a = %j A .(2)
a= lJ.Mf(x) cosnxdx ..(3)

Tc =T
b = lfﬂf(x) sinnxdx ..(4)

Tc Y

ca= [ = [ reoac [rooa |

T 27" 2 2
- 1[0+J' de}zl.ﬁx— :l T _nT (5)
71: 0 4 =4l 2 12 g

a= %r: f(x)cosnxdx= [J- f(x)cosnxdx J:f (x) cosnxdx}

a|~
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= l 0+InEcosnxdx :l‘r;ccosmcobc:l w
T 0 4 4 Jo 4| n 0

1 1 aa (D=1
=— —({-cosnn)=——-—[1-(-1)"]=——— ....(6
4112( ) 4nz[ (=D7] a2 (6)
Similarly,
I . X -D"n
b =— x)sinnxdx = | —sinnx=— (7
S I p @)
Substituting the values of a, a and b ; we get
n" —
f(x)— T z( ) cosnx+2{ sinnx}
" +z =D z_lcosnx—msinnx
T 16 ~1| 4n 4n
n 1 i i 1 i
= — +| — 7 COSX +—SINX |~ ——Sin2X ——— 083X + —sin3x . (8)
16 4 42 2.3 43

This is the required representation of f{x) substituting x = 7 in (8)
o1 11
I+ —=+—=+.. ..(9
™ =6 2( 3?5 ) ®)
1
But f(r) = E[f(ft -0+ f(n-0)]

2
:l 0+(E) I
2 4 ) .1 8

Hence equation (9) gives

o 1( 1 1 )
— =t 1+—+5—+....

8§ 16 2 32 5
nr 1 . 1 s 1 s
16 2 3?5
2
1 1
Hence r - 1+—2+—2+....
8 3?5

—c when—n<x<0 . .
Example—7.1f f(x)= c and f(x + 21) =f(x) for all x, obtain the Fourier

when0<x<mn

1 1 1 T
or f(x). Deduce that] ——+ — — —+.--=—.
Jor ) 3 5 7 4

Sol" : Since f(x) is an odd function ¢, = 0 for all n > 0.

i 2 . 2c

Now b, =—J.f smnxdx- Jcsmnx dx——f[cosnx]o ZEHZI_(_D”].
T
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nm
0 if niseven

4
b :{—C if nisodd
.. The Fourier series for f (x) is given by

fl) =2

T

sinx sin3x sinSx  sin7x
+ +. .o
1 3 5 7

T
Putting x = 5 in the abvoe result we get

—I1+x, —m<x<0

with period 27 find the Fourier series for f(x).

Example — 8 : If f(x):{1+x 0<x<n

Sol" : f(x) is an odd function in (—x, 7) since it is the sum of the odd function g(x) = x and
h(x):{_l in—m,x<0

1 in0<x<m
Hencea =0 for alln > 0.

2 .
Now b, :;‘([(l +x)smnx dx

2

2 ——(l+x)cosnx sinnx |
B n n

0

2 [—(l+n)cosnn . sinfn)_(_l-fOﬂ
T n n "

2| e +l] “ 201 ]

ntm

.. The Fourier series for f (x) is given by

f(x) :%i[l—(l+ n)"}lsinnx.
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Example — 9 : Find the fourier series of the function f(x) which is assumed to have the period 2.
Shown in the given figure.

A

15
1
" o = ™
2
(Fig. 6.5)

Sol" : The formula is

0if —n<x<0

J) = 10 <x <n/2 yhore Sx + 2x) = fix)
Oifn/2<x<m

The fourier expansion of the above periodic function f{x) with period 27 in the interval -t <x <
T is given by

a o0
f(x)=7°+z (a Cosnx+b Sinny) ... (1)
n=1

1 ¢m 1 ¢m 1 ¢m .
Where @y = ;J:nf(x)dx ,a, = ;J:nf(x)Cos nxdx b, = ;J:nf(x)Sm nx dx
To Find a,

a, = %J: f (x) dx = %Uon f (x)dx + Iojjéz(x)dx + Jj/z f (x)dx}

1 ¢r/2
:—J l.a’x=l~£=l
T J0 n 2 2

To Find a,

1 ¢rm
=— C dx
a, = J:nf(x) 0s nx

=l IO f(x)Cos nx dx + n/zf(x)Cos nx dx + Jn f(x)Cos nx dx
T J-m 0 /2

1 fr/2 1 . 1
= —J. Cos nxdx = —|Sin nx|0/2 = —Sin(ﬂ)
T J0 nm nm 2



6.34 Applied Engineering Mathematics — II
To find b,
1 ¢m
h =— Si dx
"= Jinf(x) in nx
= 1 jo f(x)Sin nx dx + th/z f(x)Sin nx dx + r f(x)Sin nx dx
T|J—"n 0 /2

/2
= lJ- Sin nx dx = L|C0snx|n/2 = L(1 - COS(ED
T J0 nm 2

O " aun
1 2 1 1 2 1
b :—,b :—,b = ,a :0,a :—’b :—,b = —
D A > 5n” en’ ! Tn

Hence the required fourier series of the given function f{x) is

11 1 1 1 1
f(x)=—+—| Cosx——Cos3x +—Cos5x—...... + —| Sinx + Sin2x+—Sin3x+ ......
4 n 3 5 T 3
Example — 10 : Find the fourier Series of the function f(x), which is assumed to have the period 2.

Shown in the given figure.

N f1X)
19
-1 -2 /2 T R
O ' ' X
(-1
(Fig. 6.6)

Sol" : The formula is in (fig 6.6)
lif—-n<x<-m/2
f(x)=<-lif n/2<x<0and f(x+2n)= f(x)
0if0<x<m

The fourier expansion of the above periodic function f{x) with period 27 in the interval -t <x <
7 is given by

_Q S .

f(x)= > + ”Z:; (a, Cos nx+ b _Sin nx)
1 ¢m 1 = 1 ¢~ .

Where @y = ;Jinf(x)dx , a, = Jinf(x)Cos nxdx b, = EJinf(x)Szn nx dx

T
To Find a,
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A e ] L

sl o e

To find a,

1 T
=— d
a, - J;f(x)cosnx x

1 (77(/2) 0
=— j cosnxdx + I(—)cosnxdx :L |Sinnx|7—|sinnx|0n
T e n nm - -
2
1{ ( j[ (mm ) ( )
=—»/| —sin| — |—| 0+ sin| — =—ysin| —
nm 2 nmn
-2 2 -2
Lay=—,a,=0a,=— a,=0,ac=—..................
1 2 3TN ST on
To find b,

b, =ljn S (x)Sin nx dx
Td-n

= RAN (x)Sin nx dx + JO f(x)Sin nx dx + jnf(x)Sin nx dx
—n/2 0

| Jd-n
1

—n/2 0
= —|:J Sinnx dx — J Sinnx dx}
mT|J-7 -n/2

= $[|Cosnx|?n/2 —|Cos nx|7n/2}l

—T

= i 1 —Cos(ﬂj - Cos(ﬂ) + Cosnm | = i 1+ (—1)" - 2Cos(ﬂj
nm 2 2 nm 2

'b—Ob_i_zb—Ob—Ob—Ob_i_—
IR PR IR S R Y Y

Hence the required fourier series of the given function f{x) is given by

1 1 2 1 1
f(x)z—g Cosx ——Cos3x +—Cos5x—...... + —| Sin2x +—=Sin6x +—Sin10x + ...... )
T 3 5 T 3 5

6.7 : Change of Interval

So far we have come accross with Fourier series expansions of functions having period 2.
But in many of the problems the function may have arbitary periods (not necessarily 21). We now
obtain Fourier coefficients for functions having period 2/, where / is any positive number.
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The interval [/, [ ], / is a real number. If °f” is bounded, integrable and picewise monotonic
in [/, [ ], then the sum of the series

1 nmx . NmX
fx) = 58 + Z[an COST +b, smT}

nmnx

[
where a = —_[ Sf( )—dx a,= Lf(x)dx
bn:;Lf(X)Sin$dX, is %[f(X—)+f(X+)] for every x between —/ and / and is

1
E[f (I=)+ f(I+)] for x == and is periodic with period 2/.

Proof : In many Engineering application we required an expansion of a given function 1 (x)
over an interval of length different from 2. Some other interval 2/. Let f{x) be periodic function
defined in the interval (a, a+2/). To change the problem to period 2.

Put z = nx/I, or x = [z/7.

So that when x = a,, z= —— = B (say)

o+2l)n
Whenx =a + 2/, z= %:(%+2n) B+27t(say)

Thus the function f{x) is of period 2/ in (o, o + 2/) is transferred to the function f (/z/m) =
F(z) say of period 27 in (B, B + 27). Hence f(/z/m) can be expressed as the Fourier series

Iz
f(n) +Za cosnz+Zb sinnz ...(2)
Where a,, :—J.BJrznf(lZ)

B+27m
al’l :—I (Z—Z)COSnZdZ .......... (3)
TJB

T

B+2n
b, = lJ- f(Z—ZJ sinnzdz
TYp T

T
Making the inverse substitution z = nx//, dz = 7 dx in (2) & (3), the Fourier expansion of

a, nmx o, . Dnx
f(x) in the interval (o, o + 2/) is given by f(x) = By + Zan COS_Z + an Sm_l
n=1 =

a+2/

Where a, = ~ f (x)dx
a+2/ a+2/
a = % f(x) cos? dx, b = %J. f(x) sin?dx



Fourier Series 6.37

Puta=0,-/

. %J:lf(x)dx’%flf(X)dx

21 I
a= %J;) f(x)cos’”;xdx,%jf}f(x)cosn?xdx
12 . MTX ! . NTX
n:70f(x)sm ; dx,;J:If(x)sm ; dx

Illustrative Examples

Example —1 : If f (x) = x so defined in — / < x <[ with period 2/, find the Fourier expansion of

S).

Sol" : Since f (x) is an odd functiona_= 0 for all n > 0.

I
Now b, = gJ‘xsin(@) dx
I [

2| =In nmx > (nnx
=—| ——cos +——5sin
| nm / nm l o

2 (—12 cosmrj 0= 2-1)"

l nm nm nm

o0
.. The Fourier series is x = —Z

o)

T

Example -2 : Obtain the Fourier series for f (x) defined in (-1, 1) by
¢, if-1<x<0
ICR
¢, ifO0<x<l1
0 1

Sol" : @ = jf(X)dx = Jcldx + chdx
-1

-1 0

= clﬂix]?l +Czﬂi"iﬂ; =0 +G

1
a, = Jf(x) cos nmx dx
-1

1

0

— d + d cl . 0 Cz . 1

= | ¢, cosnnx dx + | ¢, cosnnxdx :_[Sl”mfx],l +—[Slnn7:x]0 =0
e 7 nm nm

1

b, = Jf(x)sinmc dx

-1
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0 1
= J.cl sinnmx dx + ch sinnmx dx = —i[cosnnx]?l —c—z[cosnnx];
e 0 nm nm
_ _i[l—(—l)”J —0—2[(—1)” —1] _a-a ﬂzl—(—l)"Jl,
nm nm nm

.. The required Fourier series is given by
gt fe-c n] .
f(x)= IT+ ;(71) ﬂ;l -(-1) ;ﬂsmnx )

Example -3 : Expand in a Fourier series the periodic function f{x) = e™ in the interval (-/, /)

a c nmwx . nmx
Sol" : Lete™*= 70 + Z(an COST +b, smT) .... (1)
n=1
gy — L[ Ir ;47 2sinh/
Then a = —J: e dx—?ﬂi—e jﬂ,, - ;[e —e ]_ ]

e B ™| 2ty sin
Bl 1+(nn) P +(n)’
I -1
2[sin h/ 2[sin h/ —2/sin h/
.a=— ay=————¢fC

’az = > .
! I+’ I>+2°n* I’ +3°n’

1 e ™ [—si nmx  nmw snnxj _ 2nn(-1)"sinh/
; -

=—|— ———=co0
(nn : I 1 l I* + (nm)?
I+ —
l -1
2 msinh/ b - 4msinh/ __ bmsinh/ etc
R L > +3n*
Substituting these values in (1), we get
1 1 X 1 21X 1 3nx
e “ =sinh/|--2/ cos— — cos + cos —...
[1 (zzmz I PP+2°x I IP+37 I )

—271( ! sinB— 2 sinznx+ 3 sin3nx—)
I*+7? [ 1*+2*7? [ *+3%7° /A
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Fourier Series

Example — 4 : Expand in a Fourier series the periodic function f{x) with period 2/ which on
the interval [/, [ ] is given by f(x) = [x| .
Sol" : Since the function given is even, it follows that

2 ¢l
b, =0,a, =7_[0de=1

I
2 ¢l nmnx > . nmx 21 nmx
a= :—J. XcosS——dx = | —XsIn +——5C0s
n ] Jo / nm / nm [ o

2 .
= i (cosnm —1) = 0 when n is even

41

=_ ﬁwhen n is odd.
nm

Hence, the expansion is of the form

I 47 |1 mx 1 3nx 1 21+1)
X|=—=—— | 5C08S—+—5Co0s +... 5 Cos +...
2 1 3 [ 21+1) /
mx,0<x<1
T(2-x),1<x<2

n 4| cosmtx cos3mTX cosSnx
+ + +

Example — 5 : If f(x) = { show that in the interval (0, 2)

fx)= 2 Al 3 2 T
1 1 1 2
Deduce that — +— +— +..... - AY
1 3% 5 8
a A
Sol": Let f(x) = ?0 +2.a, cosnnx + 2. b, sinnnx |
1
2 |
Then a, = J;) f(x)dx ! .
: ; : > X
= J;) nxdx + Ln(2 - x)dx 0 1 P

27 2T 1 1
=71:|:7:| +7 2x—7 1 =7'c-5+7'c (4—2)—(2—5) =T Fig.6.7

0

2
a,= Iof(x) cosnmx dx

1 2
a, =j T xcosnnxdx+fn(2—x)cosmtxdx
0 1

. 1 . 2
SINNmXx —COosSNmX S1In N7TX —cosnmx
= |:TEX' - TE( ) ):| + 7'[(2 - X)( j - ﬁ(—l)[Tj
nw nm 0 nm nm 1

TCOSNT i —TCOoS2NT  TTCOSNT 2
= |— cosO [+ + =
n

- cosnm—1
22 n2m2 n2m2 22 zn( )
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=0 or —3 — according as n is even or odd.
n'm

Similarly it can be shownthat b =0
COSTX COS3TX COSSmX j
+ + +....

T 4
f(x)_E_E[ 12 3 5

The function being continuous, the relation holds for all x.
i.e. fis bounded, integrable the sum of the series must be f(0+)=0,atx=0& filt—-)=m.

atx=r.
At x =0, we get

L1 DL S
0= |ty tat
|+ — +— o= — (Proved)
5 8

Example — 6 : Find the Fourier series for the function
0 in-8<x<0
f(x)=44 in0<x<4
0 ind<x<$8

8 0 4 8
! 1 1
Sobtz a0 = | /() :gpoczﬂjwﬁjoczx] — <[4y =2,
-8 -8 0 4

4 4
b, = lj 4 sin(ﬂ)dx = 1 _—8005 nmx = -4 cos(ﬂ) -1
8 0 8 2| nr 8 nm 2

0
.. The Fourier series of f (x) is given by

401  (nn nmx 4 < 1 nn ) | . nmx
f(X)Zl-l-;?;Sln(?).COS(T) _Tc;n|:c0.§{ 2) 1i|Sll’l( 3 )

Example — 7 : A sinusoidal voltage E sin wt is passed through a half-wave rectifier which
clips the negative portion of the wave. Develop the resulting periodic function

-T
0, hen — <t <0
U(t)= when =t © 0,when T/2<t<0
= v(E) =
Esinwt, 0<t¢ <§ Esinwt,when0 < t <T/2

and T = Z%Jn a Fourier series .

a . 27
Sol": Let U(t) = 7°+Zan cosnwt + X b, sinnwt Since =W
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2%
a,= ?L %U(t)dt

2 2| -E
[I /0dt+J Esmwtdt}—;[—coswt}

2E T
|:COSW——COSO:| = ﬂ( 2)_E
2 wT T

P

0

WT

Since wT =2m, and cos 1 =—1

2 (% 2 %
i Ut wtdt = Z [ Egi
a TJ% (t)cos T.[o E sin wt cosnwt dt

= %IO%[sin (n+ Dwt +sin(1 — n)wt]dt
_ —_E_cos(1+n)wt N cos(1—n)wt v Nl
T| (I+n)w (I-nmw |
) i_cos(1+n)vf+cos(1—n)vf_ L
T (1+n)w (1-n)w (I+nw (1-n)w

-E[ 1 1 1 1 _£[2+2}_ —2E
~wT|l 1+n 1-n I+n 1-n 2nll+n n-1] m(n*-1)

Whenn is even, Ifnis odd, (n# 1), a = 0 in case n= 1, we have

2 ¢y .
a= —JAEsm wt.coswtdt
1 T 0

-E
(coswt—cos0) =— (c0s2n cosO) 0

0 2w 47

cos2wT P! -E
2w

E (7 E
= —JA sin2wTdt =—| —
T Jo T

2 ¢y . .
b= —jAE51nwt51nwtdt
1 T 0

7

0

T E[  sin2
_ EJA(I—cos2wt)dt=— g Smewt
TJo T 2w

2 2w

=T =_sincesinwt=sin2nt =0

E[T sian} E
2
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Ifn # 1, then simillar to a_ we have

T,
b= EJ.AEsin wt.sinnwt dt, sincez—TE =w
n TJo T

= %Jo%[cos(n— Dwt —cos(n+ I)wtldt=0

Which can be easily evaluated

E E
o U()=—+—sinwt——
T 2 13 35 5.7

2E ( cos2wt cos4wt cosO6wt

+ + +...
i
Example —8. Find the Fourier series of the function

0, -2<x<-1
flx)= 1k —I<x<I
0, I1<x<2

Sol": f(x) = —a0+2a cos( ) b, szn( )

1 ¢2 1 ¢ 1 2 1
= E-[z F(x)dx = E[I(z).dx + Lkdx + _[10. dx} = E[kx]:

a= %J:f(x)cos(mzr ) J- kcos (mztx)dx _—Jk cos(mcx) Jk cosTnxdx

k
=—x2=k
2

2k .
sinnmx/2 2k . nm — , when n is odd
=k ————| =—sin—=1nn
nm nm 2

0 when n is even
2 Oa

b, =%f2 f(x )sin(%)dx =%U+i+j (x )sm(%)

-2 -1 1



