Vector Differentiation 3.51

Illustrative Examples

Example — 1 : Find the divergence of the vector v = x’ yi + 2yzk — 2xzj -

- Y NN 0
Solution : From definition, div v = a(x y) +a—y(—2xz) +E(2 yz)

=2xy+0+2y=2y(x+1)

Example — 2 : Show that the vector \7 = (x + 3y)f + ( y- 3z)} + (x — Zz)lg is solenoidal.
=0

Solution : We know that A is solenoidal if div v

Now div ::i(x+3y)+i(y—3z)+i(x—22) =1+1-2=0.
Ox Oy Oz
Hence 17 is solenoidal vector.
Example — 3 : Show that div (grad r") =n (n + 1) 2
Solution : Let 1 be the distance of a point P (x, y, z) from a fixed point A (x, y,, Z,).

.'.r=\/(x—xo)2 +(y_y0)2 +(Z_ZO)2

ot =[(x—xo)2 +(y—y0)2 4—(2—20)2]12

| =

Now grad (rn) - ;ﬁ_i[(x _xo)z +(y _Fyo)2 +(Z - 20)2]12

div(grad r”) = zailn{(x —x0)2 +(y— yo)2 +(z —zo)z}gl(x —xo)]

n

- Zn[ (g - 1){(){? - xo)z +(y- yo)2 +(z- 20)2 }TH 2(x- xo)z
(R I . O]
= n(n- 2)r2(;2)(x BN A5

=n(n-2) " [+ (Y -y + (z -2+ 3nr

= 2nm-2)+3n]=r""?[n’-2n+3n]=r""?[n*-2n+3n]=n(n+ 1) r"?
Hence the result.
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Example — 4 : If r= xf + y} + zle, show that
(@) divr=3

(b) div (r@d =3¢+r. grad @ where @is a scalar function of x, y,
2

© div(i)=———
Jx?+y?+7?
0 20 20

Solution : Herer—x1+y]+zk anddlvF VF— i—+j—+k—|.

(a) divF:a—x+a—y+@ 1+1+1=3
ox Oy Oz

(b) div(F §)=V-(xi + yoj + 20k) = %(X¢)+%(J’¢)+i(z¢)

Oz
:¢+x@+¢+y@+¢+z@ :3¢+x@+y@+z@
Ox oy 0Oz ox ~ 0Oy Oz

_ nooa A [200 ~0h  ~ 0P
—3¢+(xz+y]+zk)-[za+]a—y+kg]:3¢+r.grad¢

A xz+y]+zk
H r=
(c) Here |f|=4/x*+)*+2%, e r iz

NG, X 0 y 0 z
divi=—| ——m—— |+ | — | —
5x[\/xz+y2+22] ay{\/x2+y2+22] 52{\/x2+y2+22]
1

= {(xz +y*+27)2 +x~(—%)(2x)(x2 +y° +zz);}+ S

-1 3 =

-3

()c2+y2+zz)2 —xz(xz+y2+zz)2 +(xz+y2+zz)7—yz(xz+y2+22)2

-1

+(xz+y2 +zz)2 —22()c2+y2+22)23
=3(x2 +y2+zz)%1—(x2 +y° +zz)773(x2 +y° +zz)
3(x2+y2+22)21—(x2 +y° +zz)21

- 2

=2(x2+y2+22)2 =
2, .2 .2
NXTHY +z
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Example -5 : If 1;; and 1;; be vectors joining the fixed points (x, y , z,) and (x,, y , z,) respectively to
a variable pint (x, y, 7). Prove that div ( 1;; X 1;; )=0.
Solution :  y =(x—-x)it(y-y)jtCE-z)k y,=(x-x)i+t(y-y)j+t(z-z)k
i j k

- -
EI ol Sl LRt B b B S

X=Xy YV=YVy Z—Z

=2i{y-y)(z-2)-(y-y)(z—2)}
Now div (¥, x )= V - (, % Vj):xa—i{(y,yl)(2,22),(5,,@(2,21)}
=Zé%KyfoZf%%%yfnﬂzfaﬂ
=0+0+0=0
Thus div (37, % 7, ) =0
3.18 : Curl of a Vector Field

The curl of a continuously differentiable vector point function E: flf + fzj + f3f< is denoted by
-
curl F and is defined as

a3y 2|0 2 0 SR AN R AN
_X‘aag d oz 0z Ox ox oy
h fHo S
curl 7oy xf= {E+JA£+/€£ < F
ox "oy oz
curl?zfxa—F+jxa_F+/€Xa_F
ox oy 0z

5
Note that (i) V x F' is a vector point function and in the expansion of the determinant, the operators

0 0 0 S5 5 o
aaaaa must preceed F-F, F,-

(i1) Curl of a vector point function is also called rotation of a vector point function.
Remark:

It must be noted that cure £ is a vector quantity. Thus the curl of vector point function is a vector
point function.

Physical Interpretation of Curl
Consider a rigid body rotating about a fixed axis through O. Let the uniform angular velocity be

- . . -
Q=wi +w,j+wsk (w,, w, and w, are constants)
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The velocity {)/ of any point P (x, y, z) on the body is given by \_} = 5 % T » Where T is the position

vector of P.
ik
= Wl W2 W3 :(WZZ_W}y);+(W3x—WIZ)j+(W1y—W2x)I€
x y z
] j k
CurlV = il h i
ax ay 52

WoZ —=Wyy WX —WiZ WY — WX

= (w1 + wl)f + (w2 +w, )] + (w3 + w3)/€ = 2w1f + 2w2]' + 2w3I€

_ _ - d - 1 -
=2(w1i +w,Jj +w3k) =20 Q=5cuer
Thus, the angular velocity at any point is equal to half the curl of the linear velocity at that point
of the body.
Irrotational Vector

If curl {)/ =0, then the fluid F is said to be irrotational otherwise, rotational.
Conservative Field:
— —
If v represents force field then curl v = () implies that the force field is conservative.

Cor. If curl {)/ =0, then the field V is termed irrotational.

T

For example Let {} =—, where 7 = xi + y}' +zk
r

e xf+ A'+ZA
= 2 2 2 VZ#
r=lfl=yx*+y*+2%, T

(xz +y 4+ 22)2

i j k
Curl I_/) = 9 9 o
Ox oy Oz

X y z
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Y { (——)(x Y4z )%(2y) y[—%)(x2+ y2+zz)3(zz)}

= z (x +y 4z )7 (—yz+yz)= 0 v =£is irrotational vector.

3.19 : Properties of grad div and curl

Theorem — 1 : grad (¢y) = ¢ grad y +y grad ¢
or, V(oy) = ¢Vy +yVe

0 0 0
Proof : grad (y¢) = a(q)\y) +5(¢w) +E(¢W)

a_w+\v@+¢a_w+w@+¢a_w+w@
ox ox oy oy Oz Oz

oy oy B o o o
A )AL E e

hd g — —
Theorem — 2 : div (A+ B) =div A+ div B

> o - -
or V~[A+B):V~A+V~B

Proof : v . (A+B)_ zi+]i+k 0 [Z+§)
ox oy oz

= 0 (A+Bj+] i(A+Bj +k- i(z+§j
ox oy 0z

o4 oB| -|o4 oB| -|o4 oB
+ +k- +—

=i |+ === —=
ox Ox dy Oy 0z Oz
;04,504 pod|[; o 0B poB| o oo
ox oy Oz ox / oy 2

hd d — —
Theorem — 3 : curl(A+ B) =curl A + curl B

-> > - -
or, VX[A+B):V><A+V><B

- - - > ~ O ,\a ~ 0 -> o
.cul| A+B|=Vx|A+B —+j—+k A+B
Proof_ Cllr[ + ) X( + ) [Z ax ]ay aZJX( )
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=ixai(2+§j+jxai(2+§j+/€xi(71+7;)

X Yy iz
. |od oB| . (04 oB| - |04 0B
=ixX|—+— [+jX| —+— |tk x| —+—
ox Ox oy Oy 0z 0Oz

¢(V><2)+(V¢)><2=¢cur12+(grad¢)><z

20 A0 20| 2 (20 A0 ~0) 7 > N
=li—+j—+k— |xA+|i—+j—+k— |xB =

(Zﬁx Jay 6ZJX [Zﬁx Jay 6ZJX VxA+VxB
=curlz+cur1§

- — N
Hence curl (A+B)= curl 4 +curl B
-
Theorem — 4 : If A is a vector function and ¢ is a scalar function, then

div (04 = pdivA +(grad ¢)A

-0 -0 =0
Proof : V (d)A) _{1&_‘—']8_}’4—1{5} (d)A)
—¢{z—+j.i+lgi}Z+{i@+j@+lé—¢};1
ox oy 0z ox " Oy 0z
.8 = O 0 « .- o[ 0A 0%+
=1 —X(d)A)-i-J a—y(¢A)+k-§(¢A): 1.&(¢A) => [ —+5Aj
wzﬁmz[;?jz

_ ¢{ii;1+ 593 +éiz}+{[ﬂ)z+[ ;@jz{@)z}
ox Oy 0z ox Oy 0z
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Theorem — 5 : curl (d);l) = (grad (1)) x A+ dcurl A (if ¢ is a scalar field and 1_} is a vector field)

or VX(¢21)=(V¢)X21+¢(VX/])

N[00, & A
= (&1 ><A+<I>Z:1><g
=0 ;6_A+J~.X6_A+]€X6_A + f@+]@+15@ x A
Ox oy 0z ox oy 0z
:V¢x1§+¢(Vx1§)
Theorem — 6 : V(;l.~#):(;l. V§+(§~V)2+EX(V><I§)+I§><(V><2)
grad[Z~B):Zxcurl§+3xcur12+(2V l_'>’>+(_>V /_f

«
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oo}
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Theorem — 7 : V(IZXE):§~(VXZ)—2~(V><I§)

or, div(;i X E) =Bcurl A- A-curl B
Proof V-(Zixé):Zf-i(Zxé):Zi-{Zxa—§+@x/§}
Ox Ox Ox

Y N L | G N G 8 | B AN S
(o). (o). Ox

COR) [ B) « s < )
=Z(1ng B—z[ xgj-A:(VxA)-B—(VxB)-A (,.5(“5):(5%),5)
=B-(VxA)-A-(VxB)

Or dzv[Axsz fi+]£+l€2 . ZXE
ox "oy 0Oz
=7i(2x§j+jﬁ(2x5 +1€—(Zx§
Ox Oy 4

=il 4 6_B+6_A Bl|+/ zxa—B+a—Ax§ +k Z o8 a—AXE
X Ox dy 0Oy 4 4

=1i. Axa—B+]2xa—B+/€ zxa—B +16—Ax§+]a—AxE+ka—BxE
Ox oy 0z Ox oy 0z

=- lxa—BA+]><a—B A+/€><a—BA + lxa—A B+]><a—A B+/€xa—A§
Ox oy 0z Ox oy 0z

=— fx—B+j 6_B+]€X6_B A+ fxa—A+]xa—A+l€xa—A .B
Oox Oy Z Oox oy 4

=B. ;xa—A+]xa—A+l€xa—A —A. lxa—B+] a—B+l€><6—B
ox Oy 0z ox Oy 0z

=E.(VX2J—

A(VXEJ

=Bcurl A—Acurl B
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Theorem -8 : V x(Ax B)=(V-B)A-(V-A4)B +(B-V)A-
or cm(zxﬁ) (d,vﬁ) (dwz) (E ) ( vjﬁ

Proof : Vx(;le) le—( ) {GA +;1><a—3}

=i x a—Axé +3i % ;Ixa—B
Oox Ox

:(g.zza_ijg_(v.;1)§+(v.§);1_{;1.z;.§}§

=(B-V)JA-(V-A)B+(V-BJA-(A-V)B =(V-B)JA-(V-A)B+(B-V)A-(A-V)B
REPEATED OPERATIONS BY V

Before starting with the repeated operations by V, student are advised to note the following

If¢ (x,y, z) and {} (X, ¥, z) be scalar and vector point functions respectively.
then (i) Since ¢ is scalar we can take its gradient only.

5
(i) Since grad ¢ and V are both vector functions we can take their divergence as well as
curl.

iii) Since div 1’ is a scalar function we can take its gradient only.

iii) Since div p lar fu k grad ly
0* 0* 0*

Theorem — 9 : div (grad ¢) = V29, where V> = —— +

—_ + —_
ox* oy’ oz
Proof : Div (grad ¢) = V-(V¢)

—(;iﬂig{i} ( 20,39 % 54’)
ox "oy 0 0x 8y 0z

() 2O 28515 e
8x Ox 8y oy 82 oz 8x2 8y 82 ox*  oy?

Note. V? is called Laplacian Operator and V*p = 0 is called Laplace equation.
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Theorem — 10 : Curl (grad ¢) =V x (V)= 0
Proof : Curl (grad ¢) =V x (V¢)

= iAi+]'£+l€E X f@+j@+l€@
ox "oy Oz ox "oy Oz

A
2 2
22 Al e s gl el
Oox 0y Oz oy \ Oz 0z \ Oy 0y0z 0z Oy
o9 29 0%
Oox 0y Oz

L% _ 0%
’ ayaz_azay

Hence curl (grad ¢) = 0

Provided we suppose that ¢ has continuous second order partial derivatives so that order of
differentiation is immaterial.

Theorem — 11 : div. (Curl {)7) =V (V X {)7) =0
Proof : diV(Curl V) =V. (V X V)

- A~ A A~
Let V=V,i+V,j+ V;k

.'.div(CurZI_/) = fi+ji+]€£ Y3 oV _oh
ox "0y Oz oy Oz
PR B F e +;(%_%j+;; o, _on
ox Oy oz oy 0Oz 0z Ox ox 0Oy

_ 0] 0N +i{%_%}+i Y, _on
ox | oy Oz oyl 0z Ox Oz | ox Oy
_OV, o, o 9 9, 8 _
0x0z 0x0z 0Oy0z OyOx 0zOx O0z0y

Here Div- (Curl \_}) =0

assceming that ; has continous second order partial derivatives.
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~

\%

Or Curl(Curl{)’J=V(V-:’J_(V'V)e {VX(VX?):V(V;)_W ﬂ

- A A N
Proof : Let V=V|i+V,j+V;k

- A N
Curl V = 6V3 6V2 +j(%—%)+k %_%
oy 0z 0z  Ox ox 0Oy

Theorem — 12 : Curl [Curl :’) =grad (div :’) -V

i j
N
CurlV = i i
0

Qo =

X
o0V 0V, 0V, dV; 0V, _6V1
0y 0z 0z 0O0x Ox 0Oy

_spl 09 M) 5(%_%j _5lO OOV o,
éy ox oy ) 0z\ 0z Ox oyox oyt &zt 0Ozox
5 0%V, +62V3 Lo o,
oyox 0zox oy°  0z°

2

~ 0
Add and subtract Xi 2

o’V, 0V, azv 82
=i + 2
ox? 6X8y 8X(?z az
2 2 2
_ 5t 0 [0V, 6V2+6V3 B 8\§1+6\;1+6\271
x|\ ox oy 0z ox oy 0z
~| 0 = 2 ~ 0 = 2@n
=2s—| V-V |-V, =% —| V-V |-VZiV,
ox ox

- 22 - 22
:V(V~V)—V V:grad(diVV)—V A%

Theorem —13 :Prove that grad (div ; ) is a vector
Proof': Let ; = vlf + sz + v3/€

grad (div /)= =V.(V.V)
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v/ %4_%4.% _ IAQ+JA£+I€i %+%+% = vector
ox oy Oz ox "oy Oz ox oy Oz

Cor. From above result we can also deduce

grad(div {}) = Curl (Curl {)7) +V? {}

- - 2—>
or v(vv):v{wv}v v

Note. For application in questions, the results of repeated application of V can easily be written
down (treating V as a vector.)

(i) V-Vo=V?¢ ie div(grado)
(i) VxV¢p= 0 i.., curl (grad ¢ ) raxa=0

o)
o
Il

oo

(iii) v '(V';) _ 0ie., grad (div ;7 )

(iv) (V.V) y ie v2y

v) Vv .(V x {)/) =0 1ie., div(curl ; ) “.in scalar triple product a - (é X ‘B) =0

(vi) Vx (V X V) i.e., curl (curl % )= (v . f})v vl 7

wax(bx¢)=(a-c)b-(a-b)c
Theorem—14 : If §(x, y, z) is a harmonic function, show that grad ¢ is both solenoidal and irrotational.
Proof. ¢ (x, y, z) is a harmonic function implies that it satisfies the Laplace’s equation V¢ =0.
o %o %
—+—+—=0
6x2 ayz aZZ ........ (1)
We have do show that div (grad ¢) = 0 and curl (grad ¢) = 0

. o . o . %0
d do)=V-Vo=|Z—i|-|Z—i|=2—
Mgrad 9) ¢ ( 6le( Bxl) ox?
2 2 2
ox® oy- oz

By using (1) we have div (grad ¢) = 0 and hence grad ¢ is solenoidal. Also, establishing curl
(grad ¢) = 0 is nothing but establishing.

We know VX(VXGJZ(V.GJV_VZV wix(bxc)=(a-c)b-(a-b)c



Vector Differentiation 3.63

Theorem — 15 : Prove that if ¢§(x, y, z) is a scalar than ¢ v ¢ is irrotational.

Proof. We have to prove that curl (¢ V ¢) =0

i.e., to prove that v x (¢V ¢) = 0.
We have the vector identify

V x (d) Z) = V(d) x Z) + Vo x Z (can be assumed)

Taking A= V¢ we have
VX (6V9) = 4V x (V) + Vo x Vo
Vx(oVo)= 0+0=0, because the first term is zero by the vector identify and the second term

. . - - . - g
is zero since J'x J/ is ( for any vector V .

Thus V x (V) =0=> $pV¢ is irrotational.

- - - -
Theorem — 16 : If | and [, are irrotational, prove that F';x I, is solenoidal.

- -
Proof. F| and F, are irrotational by data.

e - —> =
= curlF1=0 and curl F, =0 ......... (1)

Il
(e

- -
We have to prove that div(F 1x F 2)
We have the vector identity

> - > > -
div(A X B) =B -curl A~ A-curl B (assumed)

- -

div(;'l x?‘z):Fz ~curlF1—;'1~curl;'z
ie., div(;'l X;'z):;'z ~6—;1~6=0byusing(1)
div(;'l X ;'2) =0= ;'lx ;‘z is solenoidal.
Illustrative Examples

F
Example — 1 : Prove that div (’__3) =0,

Solution :  Where F = xi + yj +zk , r* = x>+ y* + 2°
o _x o _y o
ox r’oy r oz

Lo - /= = = 7 B

;o kﬁ=—(xi+yj+zk)=£anddivr=3
oz r r

- =z oOr
gad T=1-—+4j—+
oy "0z

z
r
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We have property, div (d)/g) = d)(divA) +A grad ¢

div (r%) = ri}(div F)+T- grad(ri})

%) [ divi=3]

=37 +F- (—3r74 grad r) =3r>+7 ~(—3r4 :

= 31'73 — 31'75(? . f) — 3r73 — 3r75 . r2 — 0
Example — 2 :  Show that the vector field given by

A= 3x2y1T + (x3 - Zyzz)]' + (3z2 - Zyzz)/;

is irrotational but not solenoidal. Also find its scalar ¢ (x, y, )

Solution : giy g:a_i(3xzy)+%(xs _2y22)+8_3z(3zz ~2y%) =6xy =22+ 622y %0

“. A is not solenoidal.

QD ~.

k
Curl A= 9 — 9

ox oy 0z
3x’y x°-2yz° 3z -2y°z

=(—4yz+ 4yz)f +(0- 0)3 + (3)(2 — 3x2)E =0

— A is irrotational.
Since curl (grad ¢) = 0 (by property 9)

A =grad ¢

- - - -0p =00 -0¢
2 = 3 2\ 2 2 — —
= 3x“yi +(x —2yz )] +(32 -2y z)k =1 ax+] 8y+kaz

Equating the coefficients of i, j,k we get

od 2 o 3 2
—L=3 Ny — =X —2yz i
ox XY e (1), By T e (i1)
0 .2 50

— 3 _ 2 e
o z yz. ... (ii1)

Integrating (i) w.r.t. to X we get
¢=x’y + f(y, z) where f,(y, z) is constant.
Integrating (i) w.r. to y we get
¢ =x’y — y’z* + f,(x, z) where f(x, z) is constant.
Integrating (iii) w.r. to z we get
=17 —y’Z’ + f{(x, y) where f,(x, y) is constant.
Now to select f, (y, z), f,(x, z) and f, (x, y) such that we get a unique ¢.
- By inspecting, let f|(y, z) = —y’z* + 7,
Sx,z) =7 andf, (x, y) = xy
- ¢ =x*y— y’z?+ z* which is the required scalar potential.



